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I sit and meditate inside
But the mind of spring naturally won’t stay still
So I take my begging bag and staff
And set off carefree down the road.
Ry¯okan Daigu [AH96]
1 A protracted introduction
Shinichi Mochizuki has introduced many fundamental ideas in [Moc12e, Moc13,
Moc15] and [Moc12a, Moc12b, Moc12c, Moc12d], amongst one of them is the
foundational notion, which I have dubbed anabelomorphy (pronounced as anabel-
o-morphy). I coined the term anabelomorphy as a concise way of expressing
“Mochizuki’s anabelian way of changing ground field, rings etc.” For a precise
definition of anabelomorphy see Section 2. For a picturesque way of thinking
about anabelomorphy see 1.6. The notion of anabelomorphy is firmly grounded
in a well-known theorem of Mochizuki [Moc97] which asserts that a p-adic field
is determined by its absolute Galois group equipped with its (upper numbering)
ramification filtration. However as there exist many non-isomorphic p-adic fields
with topologically isomorphic Galois groups, the ramification filtration itself is
fluid (for more on the notion of anabelian fluidity of ring structures see [Jos19b])
i.e. a variable and this variable controls amongst many other things, the additive
structure of a p-adic local field, and Mochizuki’s remarkable suggestion is that
this fluidity can and should be exploited in proving theorems in number theory.
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Let me remark that while this paper is inspired by Mochizuki’s work, this pa-
per is neither intended as a survey nor does it claim to be a survey of Mochizuki’s
work. I have freely built on a number of Mochizuki’s ideas and also introduced
many of my own and proved a number of new results here. Nevertheless read-
ers will find a number of important results proved here which clarify Mochizuki’s
view that anabelomorphy provides a way of understanding Szpiro’s Conjecture.
For readers who wish to pursue that topic, but who find the extant literature intim-
idating, I can do no better than point them to forthcoming papers [DHb], [DHa]
for a concrete, succinct and an accessible account of many of the important ideas
of [Moc12a, Moc12b, Moc12c, Moc12d].
1.1 What is Anabelomorphy?
The term anabelomorphy arises from the notion of an anabelomorphism (see Sec-
tion 2) of p-adic fields: Two p-adic fields L,K are anabelomorphic if there exists
an anabelomorphism L! K between them i.e. if there exists a topological iso-
morphism of the absolute Galois groups GL ≃ GK (this terminology generalizes
readily to higher dimensions by replacing the Galois group by the algebraic fun-
damental groups). Note that if L,K are isomorphic p-adic fields, then L! K as
both certainly have isomorphic absolute Galois groups. A quantity (resp. a prop-
erty, an algebraic structure) associated with a p-adic field is said to be amphoric
if it depends only on the anabelomorphism class of K i.e. if two p-adic fields
K,L in the same anabelomorphism class have the same quantity (resp. same
property, isomorphic algebraic structures). The amphora ofK (more precisely of
the topological group GK) is the collection of all quantities, properties, algebraic
structures associated with K which depend only on the anabelomorphism class
of K. For example if K is a p-adic local field, then the residue characteristic
p of K is amphoric, unramifiedness of K/Qp is an amphoric property, and K
∗
is an amphoric topological group. Reader should consult [Hos17] for proofs of
all of these assertions as well as a longer list of amphoric properties (Hoshi has
also found a number of new amphoric and unamphoric quantities–see [Hos13],
[Hos14], [Hos18]). In this paper I also discuss several quantities associated to
K which are not amphoric and which do not appear in the existing literature on
anabelian geometry.
Mochizuki’s remarkable observation (beginningwith [Moc12e, Moc13, Moc15]
and continuing in [Moc12a, Moc12b, Moc12c, Moc12d]) is that Anabelomorphy
provides, in many situations, the possibility of changing ground fields of alge-
braic objects without the conventional passage to base extensions. This paper
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provides many important examples of this, I mention a few here: Theorem 12.2,
Theorem 14.1, Theorem 14.2 and Theorem 13.1. The table of contents of this
paper will provide the readers with other results proved here. Mochizuki’s work
shows that anabelomorphy complements the notion of base change in algebraic
geometry and should be treated as such. As I realized in the course of writing of
[Jos19a, Jos19b] that perfectoid algebraic geometry also provides an example of
anabelomorphy. This point is discussed in Section 26.
This paper is written from the point of view of Galois representations which
I believe will make it easier to appreciate and use Mochizuki’s ideas in algebraic
geometry. Since there are many different results proved here, I have followed the
following convention: titles of sections indicate the main results proved in that
section. In Sections 2–13 (whose titles provide a clear indication of what these
sections are about) of the paper I provide many results which can be immediately
applied in the contexts of Galois representations and also provide explicit exam-
ples of anabelomorphy from the point of view of Galois representations, especially
as Mochizuki’s work has not explicitly focused on this aspect and also importantly
highlight the quantities of arithmetic interest which can be altered by anabelo-
morphy (notably the Swan conductor, the different and the discriminant). This
is (implicitly) treated from a different view point in [Moc12a, Moc12b, Moc12c,
Moc12d].
1.2 Local anabelomorphy andGalois Theoretic Surgery on Num-
ber Fields
Anabelomorphy, as I demonstrate here, allows us to perform Galois-theoretic
surgery on number fields (see Theorem 16.3, Theorem 16.5). That such a surgery
is possible is an idea which is implicit in Mochizuki’s work–especially [Moc12e,
Moc13, Moc15], but I provide a direct method to achieve this.
To understand how to perform Galois Theoretic Surgery on Number fields, it
will be useful to begin with the following fundamental example (this example is
due to [JR79], [Yam76] also had found examples of this type earlier). I studied
both, but decided that ultimately the example of [JR79] is easier to work with (for
computational purposes). Let me note that the [JR79] example has also been stud-
ied by [Hos13, Theorem G(ii)] in a different context (I thank Hoshi for providing
me this reference).
Let K = Q(ζp, p
√
p) and K ′ = Q(ζp,
p
√
1 + p) (for an odd prime p). I encoun-
tered this example when I began studying anabelian geometry in Kyoto in Spring
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2018 and its study has provided many fundamental insights on Mochizuki’s ideas.
These two number fields are totally ramified at the unique prime lying over p. The
completions of these fields at the unique primes are respectively Qp(ζp, p
√
p) and
Qp(ζp,
p
√
1 + p). It was established in [JR79] that the absolute Galois groups of
these two fields are isomorphic but the fields themselves are not isomorphic. In
the terminology introduced here these two p-adic fields anabelomorphic (but not
isomorphic i.e. they are strictly anabelomorphic). This example shows that there
exist number fields with distinct (i.e. non-isomorphic) additive structures such
that at a finite number of corresponding places the completions have isomorphic
Galois groups. This leads to the following definition (see Section 16): two number
fieldsK,K ′ are anabelomorphically connected along corresponding finite sets of
primes vi ofK and wi ofK
′ ifGKvi ≃ GK ′wi (i.e. the local fieldsKvi ! K ′wi are
anabelomorphic).
That such number fields exist is an implicit by product of Mochizuki’s remark-
able Belyian Reconstruction Machine [Moc15, Theorem 1.9] and that this is one
of the remarkable ideas which underlies his works [Moc12a, Moc12b, Moc12c,
Moc12d].
But it remained a challenge to construct such number fields directly (i.e. with-
out resorting to considering auxiliary curves over p-adic fields). Secondly the
Belyian Reconstruction Machine [Moc15, Theorem 1.9] provides such fields one
place at a time. It seemed to me that there might exist a direct way of constructing
such fields with considerable local freedom at several different primes (simulta-
neously) and that this would have non-trivial consequences.
In this paper I resolve both of these problems (amongst many other new re-
sults which are described below). My Theorem 16.3 (case of one prime) and the
more general Theorem 16.5 (the case of several primes) provides a direct con-
struction. I do not use Mochizuki’s Belyian Reconstruction Machine in my proofs
but constructivity of Mochizuki’s proof has never been far from my mind.
1.3 How to incorporate local anabelomorphic changes into global
geometry?
Now let me come to another aspect of Mochizuki’s Belyian Reconstruction Ma-
chine [Moc15, Theorem 1.9] whose significance has been missed. The Belyian
Reconstruction Machine has two fundamental operating modes, the recognition
mode and the construction mode (in Mochizuki’s parlance the bi-anabelian mode
and the mono-anabelian mode). The first mode is the more familiar mode which
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identifies a curve by its algebraic fundamental group (amongst all such curves).
On the other hand, the construction mode, which is an important discovery due
to Mochizuki, provides a construction of a curve from it algebraic fundamental
group.
As I realized, the true significance of Belyian Reconstruction Machine is that
the construction mode allows one to incorporate local anabelomorphic changes
into global arithmetic and geometry. The Belyian Reconstruction Machine incor-
porates Belyi’s Theoremmore specifically a Belyi function, the machine allows us
to propagate local anabelomorphic changes into global (i.e. over a number field)
changes in arithmetic (and hence in geometry).
Let me take a moment to explain Mochizuki’s method of incorporating lo-
cal changes into global arithmetic and geometry: let X/M be a geometrically
connected, smooth curve (of strict Belyi type) over a number field M and let
M →֒ K be a dense embedding ofM into a p-adic field K and π1(X/K)→ GK
be itsMochizukioid i.e. the algebraic (or tempered) fundamental group π1(X/K)
equipped with its tautological surjection to GK . Choose an anabelomorphism
K! L. Then one has a composite morphism of profinite groups π1(X/K) →
GK → GL which provides new a Mochizukioid Π = π1(X/K) → GL. This
MochizukioidΠ→ GL is isomorphic (topologically) to theMochizukioid π1(X/K)→
GK . Starting with Π → GL, the Belyian Reconstruction Machine provides an-
other curve Y/M ′ (in general) defined over a number field M ′ equipped with a
dense embeddingM ′ →֒ L with the property that the Mochizukioids ofX/K and
Y/L are isomorphic! MoreoverM,M ′ are anabelomorphically connected at their
respective primes corresponding to the embeddingsM →֒ K andM ′ → L! In this
way local anabelomorphic changes are incorporated to provide global changes.
On the other hand since Richard Taylor’s work on the Fontaine-Mazur Con-
jecture (and on potential modularity) (see [Tay02]) I had been aware of another
method of incorporating local changes into global arithmetic. In loc. cit. (and
subsequent works) local changes are incorporated into global geometry by means
of Moret-Bailly’s Theorem ([MB89]).
I realized that in fact Moret-Bailly’s Theorem should be viewed as arising
from a trivial case of Anabelomorphy: in the context of this theorem (see loc.
cit.), for a place v of K which splits completely into places w1, . . . , wn of K
′, the
completions Kv ≃ K ′wi , so one has an isomorphismX(Kv) ≃ X(K ′wi) and note
that as Kv ≃ Kwi are isomorphic hence in particular these fields are (trivially)
anabelomorphicKv! K
′
wi
.
So it occurred to me that perhaps there might exist an anabelomorphic version
of Moret-Bailly’s Theorem which will provide another way of incorporating lo-
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cal anabelomorphc changes into global arithmetic and geometry. This led me to
Theorem 19.1 which should be understood as a anabelomorphic version of Moret-
Bailly’s Theorem (for P1 − {0, 1,∞}) about density of global points in p-adic
topologies (for the special case of anabelomorphically connected fields). Thus
I expect that there is a general anabelomorphic theorem (i.e for any reasonable
variety X/K over a number field) of which Moret-Bailly’s Theorem is a special
case–see Theorem 25.1 and Conjecture 25.3
Theorem 19.1 is adequate to prove the Anbelomorphic Connectivity Theorem
for Elliptic Curves (see Theorem 20.1). I show that ifE/K is an elliptic curve and
(K, {v1, . . . , vn}) ! (K ′, {w1, . . . , wn}) is an anabelomorphically connected
field such thatE has semi-stable reduction at v1, . . . , vn then there exists an elliptic
curve E ′/K ′ with ordvi(jE) = ordwi(jE′) and with potentially good reduction
at all other non-archimedean primes of K ′. This result should be considered as
a prototype for understanding the sort of constructions envisaged by Mochizuki
in his work on the abc-conjecture through Mochizuki’s works [Moc12e, Moc13,
Moc15], and [Moc12a, Moc12b, Moc12c, Moc12d].
At any rate these results show that anabelomorphic connectivity theorems pro-
vide a way of patching local anabelomorphic modifications of a number field
into global geometric data. While this remarkable idea was first discovered and
studied extensively by Mochizuki in his work on anabelian geometry especially
[Moc12e, Moc13, Moc15], [Moc12a, Moc12b, Moc12c, Moc12d]. The results I
prove here do not make use of the central results of loc. cit. but as mentioned
earlier, constructivity of Mochizuki’s results has never been far from my mind. I
believe that Theorem 16.5, Theorem 20.1 and their refinements will provide yet
another concrete way of exploiting Mochizuki’s ideas in more conventional alge-
braic geometry over number fields.
1.4 Role of reducible, ordinary representations and theL-invariant
Let me mention two other results proved here which are of general interest: in
Mochizuki’s work as well as Richard Taylor’s work (the case of trivial anabelo-
morphy) crucial role is played by what I have called the Ordinary Synchronization
Theorem (see Theorem 17.1). This says that the passage to anabelomorphically
connected number field preserves the spaces of two dimensional, reducible and
semi-stable representations of Hodge-Tate weights {0, 1} at the anabelomorphi-
cally connected primes on either side: this arises from the fact (which is implicit
in [Moc97]) that ifK! L is an anabelomorphism of p-adic local fields then one
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has an isomorphism of Qp-vector spaces
Ext 1GK (Qp(0),Qp(1)) ≃ Ext 1GL(Qp(0),Qp(1)),
i.e. Ext 1GK(Qp(0),Qp(1)) is an amphoric Qp-vector space. These spaces also ap-
pear in [Moc12e, Moc13, Moc15] and [Moc12a, Moc12b, Moc12c, Moc12d] (but
they are not recognized in this form in loc. cit.) and it suffices to note that these
spaces can also be described by means of Kummer Theory and in particular by
[PR94a], [Nek93]) one has a description of this space in terms of two coordinates:
(logK(q), ordK(q)) (the choice of the branch of logK is given by logK(p) = 0).
So the fact that the L-invariant (which given, for a Tate elliptic curve with Tate
parameter q, by L = logK(q)
ordK(q)
) is unamphoric is an elementary but important conse-
quence (see Theorem 15.1). The second important observation is that the Fontaine
space
H1f (GK ,Qp(1)) ⊂ H1(GK ,Qp(1)) ≃ Ext 1GK (Qp(0),Qp(1))
consisting of ordinary crystalline two dimensional representations of GK is also
amphoric. This space has two different descriptions: intrinsically in terms of
Kummer Theory of O∗K (which is manifestly an amphoric description) and a sec-
ond description in terms of a single coordinate, viz., logK .
In Theorem 18.4 and Theorem 18.5, I provide the automorphic analogs of the
ordinary synchronization theorem. This says that under anabelomorphyK! L,
principal series automorphic representations onGLn(K) andGLn(L) can be syn-
chronized (for n ≥ 1). For p > 2 and n = 2 (all p if n = 1) I prove that all
irreducible admissible representations on GL2(K) can be synchronized and that
this synchronization respects the local Langlands correspondence. L-functions
are amphoric. The local Langlands correspondence is compatible with these syn-
chronizations on either side and is in suitable sense amphoric.
In Theorem 24.6, which should be thought of as the Ordinary Synchronization
Theorem at archimedean primes, I provide the archimedean analog ofMochizuki’s
theory of e´tale theta functions [Moc09] (which deals with non-archimdean primes
of semi-stable reduction). This approach is quite different fromMochizuki’s treat-
ment of archimedean primes, notably I construct a variation of mixed Hodge
structures (in particular an indigenous bundle) on the punctured elliptic curve
with unipotent monodromy at the origin (of the elliptic curve). I believe that
my approach provides a certain aesthetic symmetry by bringing the theory at
archimedean primes on par with the theory at semi-stable primes.
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In Theorem 22.1 I show that for an elliptic curve E over a p-adic field, all the
four quantities: the exponent of the discriminant, the exponent of the conductor,
the Kodaira Symbol and the Tamagawa Number are unamphoric.
In Section 28 I show that p-adic differential equations (in the sense of [And02])
on a geometrically connected, smooth, quasi-projective and anabelomorphic va-
rieties can also be synchronized under anabelomorphy. This should be thought
of as “gluing p-adic differential equations by their monodromy.” In particular the
Riemann-Hilbert Correspondence of [And02] is amphoric.
1.5 Two well-known theorems are examples of anabelomorphy
The first theorem (discussed in Section 27) is the famous theorem of Fontaine-
Colmez (see [CF00]) (Fontaine’s Conjecture: “weakly admissible =⇒ admis-
sible”). My remark is that the proof of this theorem is an example of Anabelo-
morphy carried out on the p-adic Hodge side (i.e. on the filtered (φ,N)-modules).
The second theorem (discussed in Section 26) is due to Scholze (see [Sch12a]).
My observation is that the theory of perfectoid spaces provides yet another exam-
ple of anabelomorphy and in particular one should view the proof, in loc. cit., of
the “weight monodromy conjecture” as an example of anabelomorphy. Notably
that this proof replaces a hypersurface (for which one wants to prove weight-
monodromy theorem) by an anabelomorphic hypersurface for which the sought
result is already established by other means.
1.6 A picturesque way of thinking about anabelomorphy
One could think of anabelomorphy in the following picturesque way:
One has two parallel universes (in the sense of physics) of geometry/arithmetic
over p-adic fields K and L respectively. If K,L are anabelomorphic (i.e. K!
L) then there is a worm-hole or a conduit through which one can funnel arith-
metic/geometric information in theK-universe to theL-universe through the choice
of an isomorphism of Galois groups GK ≃ GL, which serves as a wormhole.
Information is transfered by means of amphoric quantities, properties and alg.
structures. The K and L universes themselves follow different laws (of algebra)
as addition has different meaning in the two anabelomorphic fields K,L (in gen-
eral). As one might expect, some information appears unscathed on the other
side, while some is altered by its passage through the wormhole. Readers will
find ample evidence of this information funneling throughout this paper (and also
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in [Moc12e, Moc13, Moc15] and [Moc12a, Moc12b, Moc12c, Moc12d] which
lay the foundations to it).
1.7 Summary
I hope that these results will convince the readers that Mochizuki’s idea of an-
abelomorphy is a fundamental new tool in number theory with many potential
applications (one of which is Mochizuki’s work on the abc-conjecture). Espe-
cially it should be clear to the readers, after reading this paper, that assimilat-
ing Mochizuki’s idea of anabelomorphy and anabelomorphic connectivity into
the theory of Galois representations will have ramifications for arithmetic. I have
considered anabelomorphy for number fields but interpolating between the num-
ber field case and my observation that perfectoid algebraic geometry is a form
of anabelomorphy, it seems reasonable to imagine that anabelomorphy of higher
dimensional fields will have applications to birational geometry. So I believe that
the story of anabelomorphy is still at its very beginnings . . .
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2 Anabelomorphy, Amphoras and Amphoric quan-
tities
Let p be a fixed prime number. Occassionally I will write ℓ for an arbitrary prime
number not equal to p. Let K be a p-adic field, K¯ an algebraic closure of K,
GK = Gal(K¯/K) be its absolute galois group considered as a topological group,
IK ⊂ GK (resp. PK ⊂ GK) the inertia (resp. wild inertia) subgroup of GK . Let
K,L be two p-adic fields. I will say two p-adic fieldsK,L are anabelomorphic or
anabelomorphs (or anabelomorphs of each other) if their absolute Galois groups
are topologically isomorphic GK ≃ GL. I will write K! L if K,L are anabe-
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lomorphic and α : K ! L will mean a specific isomorphism α : GK → GL
of topological groups. Obviously if L! L′ and L′ ! L′′ then L! L′′. So
anabelomorphism is an equivalence relation on p-adic fields. The collection of
all fields L which are anabelomorphic to K will be called the anabelomorphism
class ofK. I will say that K is strictly anabelomorphic to L or that K! L is a
strict anabelomorphism ifK! L butK is not isomorphic to L.
For a fixed p-adic field K, a field L anabelomorphic to K will be simply
referred to as an unjilt ofK (or that L is an unjilt ofK) andK will be called a jilt
of L. In particular the collection of all unjilts of K is the anabelomorphism class
ofK.
A quantity or an algebraic structure or a property of K is said to be an am-
phoric quantity (resp. amphoric algebraic structure, amphoric property) if this
quantity (resp. alg. structure or property) depends only on the isomorphism class
of the topological group GK of p-adic local fields, more precisely: if α : GK ≃
GL is an isomorphism of topological groups of p-adic fields then α takes the quan-
tity (resp. algebraic structure, property) forK to the corresponding quantity (resp.
alg. structure, property) of L. A fundamental fact of anabelian geometry is that
for a p-adic field K, K∗ is amphoric i.e. let α : K ! L be an abelomorphism
of p-adic local fields. Then one has an isomorphism α : K∗ → L∗ of topological
groups (see [Hos17]).
This is the definition of [Moc97]. Evidently amphoric quantities (alg. struc-
tures, properties) are determined by the topological isomorphism class of the ga-
lois group of a p-adic local field. The collection of all amphoric quantites, alge-
braic structures or properties ofGK is called the amphora of the topological group
GK . If a quantity (resp. alg. structure, property) of a p-adic field K which is not
amphoric will simply be said to be unamphoric or not amphoric.
In other words a quantity (resp. an algebraic structure, property) determined
by the anabelomorphism class of a field is amphoric otherwise it is unamphoric.
For example the prime number p, the degree of K/Qp, the ramification index
ofK/Qp, the inertia subgroup IK and the wild inertia subgroup PK ⊂ IK of GK ,
are amphoric (see [Moc97], [Hos17]) but the ramification filtration is unamphoric.
Since I am thinking of applications of Mochizuki’s ideas, it would be useful to
allow some additional generality. Consider an auxiliary topological field E which
will serve as a coefficient field for representations of GK . Let V/E be a finite di-
mensional E-vector space (as a topological vector space). Let ρ : GK → GL(V )
be a continuous representation of GK . I will say that a quantity or an algebraic
structure or a property of the triple (GK , ρ, V ) is amphoric if it is determined by
the anabelomorphism class ofK.
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The definition of anabelomorphy of fields readily extends to smooth varieties
of higher dimensions. LetX/K and Y/L be two geometrically connected, smooth
quasi-projective varieties over field K and L. Then I say that X/K and Y/L are
anabelomorphic varieties (resp. tempered anabelomorphic) if there exists an iso-
morphism of their algebraic fundamental groups i.e. π1(X/K) ≃ π1(Y/L) (resp.
tempered fundamental groups). By [Moc12e, Corollary 2.8(ii)] it follows that if
two varieties X/K and Y/L are anabelomorphic then K ! L. Anabelomor-
phism (resp. tempered anabelomorphism) also defines an equivalence relation on
smooth varieties over p-adic fields. For a simple way of producing anabelomor-
phic varieties see Theorem 21.1. Of particular importance in diophantine applica-
tions is Corollary 21.2 which asserts that if K! L then P1 − {0, 1728,∞}/K
and P1 − {0, 1728,∞}/L are anabelomorphic.
Evidently isomorphic varieties over a p-adic field are anabelomorphic (over
that field). But the converse is not true: anabelomorphic varieties need not be
isomorphic. A simple example to keep in mind is this: let K ! L be anabe-
lomorphic p-adic fields and let X = PnK and Y = P
n
L. Then X/K and Y/L are
anabelomorphic. If K,L are not isomorphic as fields then these varieties are not
isomorphic as schemes (but are anabelomorphic). For a more detailed discussion
of anabelomorphic varieties see Section 21.
Remark 2.1. A commonmisconceptionwhich appears to exists is that Mochizuki’s
proof of Grothendieck Conjecture for smooth, hyperbolic curves over p-adic fields
implies that two anabelomorphic, hyperbolic curves over p-adic fields are isomor-
phic as schemes. Unfortunately this is not true if the fields are strictly anabe-
lomorphic (i.e. anabelomorphic but not isomorphic). Here is a proof. Suppose
that X/K, Y/L are two smooth, anabelomorphic, hyperbolic curves over strictly
anabelomorphic p-adic fields K,L are isomorphic as schemes then this implies
that there is an isomorphism of their generic pointsK(X) ≃ L(Y ) which implies
that their constant fields are isomorphic which contradicts our assumption that
K,L are strictly anabelomorphic. Alternately one can use [Moc06, Theorem 6.4]
to arrive at the same conclusion since any isomorphism of schemes in particular
provides a dominant morphism XK → XL and Mochizuki’s theorem says that
dominant morphismsXK → XL are in bijection with field embeddings L →֒ K.
So L →֒ K is a subfield and since role of K,L is symmetric this implies K ≃ L
which contradicts our assumption thatK! L is strict.
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3 Five fundamental theorems of Anabelomorphy
For the reader’s convenience I provide here five fundamental theorems of an-
abelian geometry upon which anabelomorphy rests. I have organized the results
in a logical manner (as opposed to a chronological order). The first fundamental
theorem is due to Neukirch and Uchida.
Theorem 3.1 (First Fundamental Theorem of Anabelomorphy). IfK,L and num-
ber fields thenK! L if and only if K ≃ L.
Modern proof of this result can be found in Hoshi’s excellent paper [Hos15].
The second fundamental theorem is due to Mochizuki [Moc97].
Theorem 3.2 (Second Fundamental Theorem of Anabelomorphy). If K,L are p-
adic fields then K ≃ L if and only if there is a topological isomorphism of their
Galois groups equipped with the respective (upper numbering) inertia filtration
i.e. (GK , G
•
K) ≃ (GL, G•L)
The following theorem is a combination of many different results proved by
(Neukirch, Uchida, Jarden-Ritter, Mochizuki) in different time periods.
Theorem 3.3 (Third Fundamental Theorem of Anabelomorphy). Let K be a p-
adic field. Then
(1) The residue characteristic p ofK is amphoric.
(2) The degree [K : Qp] and eK the absolute ramification index are amphoric.
(3) The topological groupsK∗ and O∗K are amphoric topological groups.
(4) The inertia subgroup IK and the wild inertia subgroup PK are amphoric.
(5) The p-adic cyclotomic character χp : GK → Z∗p is amphoric.
For modern proof of the first three assertions see [Hos17] for the last assertion
see [Moc97]. Hoshi’s paper also provides a longer list of amphoric quantities,
properties and alg. structures.
The next assertion is the Jarden-Ritter Theorem [JR79]. This provides a way
of deciding if two fields are anabelomorphic or not in most important cases.
Theorem 3.4 (Fourth Fundamental Theorem of Anabelomorphy). Let K,L be p-
adic fields with ζp ∈ K and both K,L contained in Q¯p. Write K ⊇ K0 ⊇ Qp
(resp. L ⊇ L0 ⊇ Qp) be the maximal abelian subfield contained in K. Then the
following are equivalent:
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(1) K! L
(2) [K : Qp] = [L : Qp] andK
0 = L0.
For a proof see [JR79].
Theorem 3.5 (Fifth Fundamental Theorem of Anabelomorphy). Let K be a p-
adic field and let IK ⊆ GK (resp. PK ⊆ GK) be the inertia subgroup (resp. the
wild inertia subgroup). Then IK and PK are topological characteristic subgroups
of GK (i.e. invariant under all topological automorphisms of GK).
For proofs see[Moc97] [Hos17].
4 Unramifiedness and tame ramifiedness of a local
Galois representation are amphoric
Let K be a p-adic field. In this section I consider continuous GK representations
with values in some finite dimensional vector space over some coefficient field
E which will be a finite extension of one the following fields: Qℓ,Qp or a finite
field Fp. All representations will be assumed to be continuous (with the discrete
topology on V if E is a finite field) without further mention.
Let ρ : GK → GL(V ) be a representation of GK . Let α : K ! L be
an anabelomorphism. Then as α : GK ≃ GL, so any GK-representation gives
rise to a GL-representation by composing with α
−1 : GL → GK and conversely
any GL-representation gives rise to a GK representation by composing with α :
GK → GL. One sees immediately that this isomorphism induces an equivalence
between categories of finite dimensional continuous representations. In particular
the category of GK-representations is amphoric.
Now suppose W ⊂ V is a GK-stable subspace. Let α : GL → GK be an
anabelomorphism. Then W is also a GL stable subspace of V . This is clear as
ρ(α(g))(W ) ⊆ ρ(W ) ⊆ W for all g ∈ GL. In particular if ρ is a reducible
representation of GK then so is the associated GL-representation. Conversely
any reducible GL-representation provides a reducible GK representation. This
discussion is summarized in the following elementary but useful result:
Proposition 4.1. Let K be a p-adic field and let E be a coefficient field.
(1) The category of finite dimensional E-representations is amphoric.
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(2) Irreducibility of a GK-representation is an amphoric property.
Recall that a Galois representation ρ : GK → GL(V ) is said to be an unrami-
fied representation (resp. tamely ramified) if ρ(IK) = {1} (resp. ρ(PK) = {1}.
Recall that ρ : GK → GL(V ) is unramified (resp. tamely ramified) if the
image ρ(IK) = 1 (resp. ρ(PK) = 1).
Theorem 4.2. Let K be a p-adic local field. Unramifiedness (resp. tame rami-
fiedness) of ρ : GK → GL(V ) are amphoric properties.
Proof. This is clear from the definition of unramifiedness (resp. tame ramified-
ness) and the fact that IK (resp. PK) are amphoric (see [Hos17, Proposition
3.6]).
5 Ordinarity of a local Galois representation is am-
phoric
Let me note that Mochizuki (in [Moc12a, Moc12b, Moc12c, Moc12d]) consid-
ered ordinary representations arising from Tate elliptic curves. In [Hos18] Hoshi
considered proper, hyperbolic curves with good ordinary reduction and the stan-
dard representation associated with the first e´tale cohomology of this curve. My
observation (recorded here) which includes both the ℓ-adic and the p-adic cases is
that the general case is not any more difficult and of fundamental importance in
many applications.
Let ρ : GK → GL(V ) be a continuous E-representation of GK with E ⊇ Qℓ
a finite extension of Qℓ (and ℓ 6= p). Then (ρ, V ) is said to be an ordinary repre-
sentation of GK if the image ρ(IK) of the inertia subgroup of GK is unipotent.
Theorem 5.1. Ordinarity is an amphoric property of ρ : GK → GL(V ).
Proof. Let ρ : GK → GL(V ) be a continuous Galois representation on GK on a
finite dimensional E vector space with E/Qℓ a finite extension. Let L be a p-adic
field with an isomorphism α : GL ≃ GK . By Theorem 3.5 [Moc97] or [Hos17,
Proposition 3.6] the inertia (resp. wild inertia) subgroups are amphoric. Then
ρ(α(IL)) ⊂ ρ(IK) so the image of IL is also unipotent.
Now before I discuss the p-adic case, let me recall that it was shown in [Moc97]
that for any p-adic field K, the p-adic cyclotomic character of GK is amphoric.
Let χp : GK → Z∗p be a p-adic cyclotomic character. Recall from [PR94a] that
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a p-adic representation ρ : GK → GL(V ) with V a finite dimensional Qp-vector
space is said to be an ordinary p-adic representation of GK if there exist GK-
stable filtration {Vi} on V consisting ofQp-subspaces of V such that the action of
IK on gri(V) is given by χ
i
p (as GK-representations).
Theorem 5.2. Ordinarity of a p-adic representation ρ : GK → GL(V ) is an
amphoric property.
Proof. It is immediate from the Prop. 4.1 that the filtration Vi is also GL-stable.
By Theorem 3.4, χp (and hence its powers) are amphoric. By definition for any
v ∈ Vi and any g ∈ IK ,
ρ(g)(v) = χip(g)v + Vi+1.
Now given an isomorphism α : GL → GK , one has for all g ∈ GL
ρ(α(g))(v) = χip(α(g))v + Vi+1.
This condition is thus determined solely by the isomorphism class of GK .
Two dimensional ordinary (reducible) p-adic representations play an important
role in [Moc12a, Moc12b, Moc12c, Moc12d] (not merely because the arise from
Tate elliptic curves) and I will return to this topic in Section 17 and especially
Theorem 17.1.
Theorem 5.2 should be contrasted with the following result which combines
results of [Moc12e, Hos13, Hos18]:
Theorem 5.3. (1) Let α : K ! L be an anabelomorphism of p-adic fields.
Then the following conditions are equivalent
(a) For every Hodge-Tate representation ρ : GK → GL(V ), the compos-
ite ρ ◦ α is Hodge-Tate representation of GL.
(b) K ≃ L.
(2) There exists a prime p and a p-adic local field K and an automorphism
α : GK → GK and a crystalline representation ρ : GK → GL(V ) such
that ρ ◦ α : GK → GL(V ) is not crystalline. In other words, in general
crystalline-ness is not amphoric property of ρ : GK → GL(V ).
(3) In particular being crystalline, semi-stable or de Rham is not an amphoric
property of a general p-adic representation.
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6 ΦSen is unamphoric
Let me begin with a somewhat elementary, but surprising result which is still true
(despite of the above results of Mochizuki and Hoshi). This result is surprising
because of Mochizuki’s Theorem (see [Moc97]) which says that the p-adic com-
pletion ˆ¯K is unamphoric. For ˆ¯K-admissible representations see [Fon94].
Theorem 6.1. Let K be a p-adic field and let α : L! K be an anabelomor-
phism. Let ρ : GK → GL(V ) be a p-adic representation.
(1) Then V is ˆ¯K-admissible if and only if ρ ◦ α is ˆ¯L-admissible.
(2) In particular V is pure of Hodge-Tate weightm as aGK-module if and only
if V is pure of Hodge-Tate weightm as a GL-module.
Proof. A well-known theorem of Shankar Sen [Sen80] or [Fon94, Proposition
3.2], V is ˆ¯K-admissible if and only if the image of inertia is ρ(IK) is finite. By
the Third Fundamental Theorem of Anabelomorphy (Theorem 3.3) if ρ(IK) is
finite then so is ρ(α(IL)). So the assertion follows.
Twisting V by χ−mp , one can assume that V is Hodge-Tate of weight zero as a
GK-representation. Then by Shankar Sen’s Theorem referred to earlier, image of
IK under ρ is finite. Hence the image of IL under ρ ◦ α is finite. This proves the
assertion.
Now let me prove the following elementary reformulation of Mochizuki’s
Theorem [Moc12e, Theorem 3.5(ii)] which asserts that the property of being
Hodge-Tate representation is unamphoric. My point is that my formulation (given
below) shows more precisely why this happens. Let me set up some notation. Let
K be a p-adic field and let HK ⊂ GK be the kernel of the cyclotomic character
χp : GK → Z∗p. Let K∞ = K¯HK be the fixed field of HK . Let α : L ! K
be an anabelomorphism. Let HL ⊂ GL be the kernel of the cyclotomic char-
acter χp : GL → Z∗p (note the conflation of notation made possible by the am-
phoricity of the cyclotomic character). Let L∞ = L¯
HL be the fixed field of
HL. By the amphoricity of the cyclotomic character one has an isomorphism
HL ≃ HK and hence also of the quotients GK/HK ≃ GL/HL. Hence one sees
that one has an anabelomorphism L∞! K∞. Consider a p-adic representation
ρ : GK → GL(V ) of GK . By a fundamental theorem of [Sen80, Theorem 4],
there exists an endomorphism ΦSen ∈ End((V ⊗ ˆ¯K)HK) of the K∞-vector space
(V ⊗ ˆ¯K)HK . Another theorem of loc. cit (see [Sen80, Corollary of Theorem 6])
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asserts that GK-representation V is Hodge-Tate if and only if ΦSen is semi-simple
and eigenvalues of ΦSen are integers. Let me note that by [Sen80, Theorem 5] one
can always find a basis of (V ⊗ ˆ¯K)HK such ΦSen is given by a matrix with coef-
ficients in K. Let ΦαSen be the endomorphism of the L∞-vector space (V ⊗ ˆ¯L)HL
(considering V as a GL-representation through α).
Theorem 6.2. Let K be a p-adic field. Let ρ : GK → GL(V ) be a p-adic rep-
resentation of GK . Then ΦSen is unamphoric. If α : L! K is an anabelomor-
phism then ρ ◦ α : GL → GL(V ) is Hodge-Tate if and only if ΦαSen is semi-simple
and has integer eigenvalues.
One way to understand this result is to say that ΦSen is an invariant of ρ :
GK → GL(V ) which depends on the additive structure ofK.
7 Artin and Swan Conductor of a local Galois rep-
resentation are not amphoric
(For additional results on this topic see Section 23, for consequences of this in
the context of elliptic curves see Section 22 For Artin and Swan conductors see
[Ser79], [Kat88, Chapter 1]. Coefficient field of our GK representations will be a
finite extensionE/Qℓ with ℓ 6= p. The Artin conductor (resp. the Swan conductor)
of an unramified (resp. tamely ramified) representation are zero. So one must
assume that the wild inertia subgroup acts non-trivially for these conductors to be
non-zero. The theorem is the following:
Theorem 7.1. Let ρ : GK → GL(V ) be a local Galois representation with
E = Qℓ such that the image of PK is non-trivial. Then the Artin and the Swan
conductors of ρ : GK → GL(V ) are not amphoric.
Proof. It is enough to prove that the Swan conductor is not amphoric. This is clear
as the Swan conductor is given in terms of the inertia filtration. Since GK ≃ GL
is not an isomorphism of filtered groups (by [Moc97]) so the Artin and the Swan
conductors of the GL representation GL → GK → GL(V ) is not the same as that
of the GK-representation in general. To see the explicit dependence of the Artin
(resp. Swan) conductors on the inertia filtration see [Ser79], [Kat88][Chap 1]. To
illustrate my remark it is enough to give an example. Let K1 = Qp(ζp, p
√
1 + p)
and K2 = Qp(ζp, p
√
p). Then Gal(K1/Qp) ≃ Z/p ⋊ (Z/p)∗ ≃ Gal(K2/Qp).
By the character table for this finite group (see [Viv04, Theorem 3.7]), there is a
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unique irreducible character χ of dimension p − 1. Let fi(χ) for i = 1, 2 denote
the exponent of the Artin conductor of χ. Then by [Viv04, Cor. 5.14 and 6.12]
one has
f1(χ) = p (7.2)
f2(χ) = 2p− 1. (7.3)
Evidently f1(χ) 6= f2(χ).
The following two results are fundamental for many applications of anabelo-
morphy.
Theorem 7.4. Let ρ : GK → GL(V ) be an ℓ-adic representation of GK . Then
there exists a unique, smallest integer x ≥ 0 such that in the anabelomorphism
class of K, there exists an L ! K such that the Swan conductor of the GL-
representation GL → GK → GL(V ) is x.
Proof. By [Kat88, Prop. 1.9] or [Ser79, ], the Swan conductor is an integer ≥ 0.
So one can pick an L! K to such that the Swan conductor is minimal.
Corollary 7.5 (Anabelomorphic Level Lowering). In the anabelomorphism class
of a p-adic field K, there exists an anabelomorphism α : L! K such that for
any Qℓ-adic or an Fℓ-representation ρ : GK → GL(V ), the GL-representation
ρ ◦ α : GL → GK → GL(V ) has the smallest Artin conductor.
8 Peu and Tres ramifiedness are not amphoric prop-
erties
For more on the notion of peu and tres ramifie´e extensions readers should consult
[Ser87, Section 2.4], [Edi92], here I recall the definitions. Let K be a p-adic field
and K ⊇ Kt ⊇ Knr ⊇ Qp be the maximal tamely ramified (resp. maximal
unramified) subextension of K/Qp such that K = K
nr( p
√
x1, · · · , p√xm) with
xi ∈ Knr − (Knr)p for all i. Then K is peu ramifie´e if vKnr(xi) = 0 mod p for
all i, otherwise K is tres ramifie´e. Recall from [Edi92, Prop 8.2] that ρ¯ : GK →
GLn(F¯q) is peu ramifie´e (i.e. the fixed field of its kernel is peu ramifie´e) if and
only ρ¯ arises from a finite flat group scheme over OK (the ring of integers ofK).
Theorem 8.1. The property of being peu ramifie´e (resp. being tres ramifi’ee)
extension (resp. representation) is not amphoric.
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Proof. It will be sufficient to prove that there exist p-adic fields K ! L such
that K/Qp is peu ramifie´e and L/Qp is tres ramifie´e. Let K = Qp(ζp, p
√
p) and
L = Qp(ζp,
p
√
1 + p). Then by [JR79] or by (Lemma 9.4) one has GK ≃ GL
and by definition of [Ser87, Section 2.4],K is tres ramifie´e and L is peu ramifie´e.
Hence the claim.
Combining this with [Edi92, Prop 8.2] one gets:
Corollary 8.2. Finite flatness of aGK-representation (intoGL(V ) with V a finite
dimensional Fq-vector space) is not an amphoric property.
Reader should contrast the above corollary with Theorem 13.1.
9 Discriminant and Different of a p-adic field are
unamphoric
For definition of the different and the discriminant of a p-adic field see [Ser79].
The following result is fundamental for many diophantine applications.
Theorem 9.1. The different and the discriminant of a finite Galois extension
K/Qp are unamphoric.
Proof. By Theorem [Ser79, Chap III, Prop 6] it is sufficient to prove the different
is not amphoric. By Theorem [Ser79, Chap IV, Prop 4] the different depends on
the ramification filtration forK/Qp. So in general there exist anabelomorphsK,L
with distinct differents and discriminants. Here is an explicit family of examples.
Let r ≥ 1 be an integer, p an odd prime and let Kr = Qp(ζpr , pr√p) so Fr ⊂
Kr and let Lr = Qp(ζpr ,
pr
√
1 + p) by Lemma 9.4 below one has Kr ! Lr
and hence one has GLr ≃ GKr . But Kr and Lr are not isomorphic fields so
by [Moc97] they have distinct inertia filtrations. I claim that they have distinct
differents and discriminants. More precisely one has the following formulae for
the discriminants ofKr/Qp (resp. Lr/Qp) [Viv04, Theorem 5.15 and 6.13].
vp(δ(Kr/Qp)) = rp
2r−1(p− 1) + p
(
p2r − 1
p+ 1
)
− p
(
p2r−3 + 1
p+ 1
)
, (9.2)
vp(δ(Lr/Qp)) = p
r
(
r · pr − (r + 1) · pr−1)+ 2(p2r − 1
p+ 1
)
. (9.3)
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In particular for r = 1 these are equal to 2p(p − 1) + 1 and p2 − 2 respectively
and evidently 2p(p − 1) + 1 6= p2 − 2 for any odd prime p. This proves the
assertion.
Lemma 9.4. Let r ≥ 1 be any integer and p any odd prime. Let Fr = Qp(ζpr)
and let Kr = Qp(ζpr , p
r√p) and let Lr = Qp(ζpr , pr
√
1 + p). Then one has
GLr ≃ GKr equivalentlyKr! Lr equivalentlyKr and Lr are anabelomorphic.
Proof. Both fields contain Fr = Qp(ζpr) and by elementary Galois theory and
Kummer theory one checks that Fr ⊂ Kr and Fr ⊂ Lr is the maximal abelian sub-
field of both Kr, Lr and both Kr, Lr have the same degree over Qp. The Jarden-
Ritter Theorem [JR79] says in this situation that the absolute Galois groups of
Kr, Lr are isomorphic i.e. Kr! Lr. Hence the claim.
Remark 9.5. Let me remark that one could say that the abc-conjecture and Szpiro’s
conjecture are about measuring (log)-discriminants and log-conductors of fields
(see [Moc10]). The above results show that anabelomorphy renders these quan-
tities fluid. The subtle problem of rendering the changes in these quantities mea-
surable is at the heart of [Moc12a, Moc12b, Moc12c, Moc12d]. Also see [DHb],
[DHa] for a discussion of this for computations of [Moc12d].
Let me set up some notation for my next result. For a p-adic fieldK/Qp write
d(K/Qp) for the different of K/Qp. This is an ideal of OK . Valuation on OK is
normalized so that vK(π) = 1 for any uniformizer π of OK . In contrast to the fact
that different and discriminants are unamphoric, one has the following elementary
but useful bound which is due to [Moc12d, Prop. 1.3] ; also see [DHa] (though
this not stated in this form in loc. cit.).
Theorem 9.6 (Different Bound). Let K be a p-adic field. Then there exists an
absolute constant A = A(K) ≥ 0 determined by the anabelomorphism class of
K such that for all L! K one has
vL(d(L/Qp)) ≤ A.
Proof. Let L ! K. Let n = [L : Qp], f = f(L/Qp) be the residue field
degree for L/Qp and e = e(L/Qp) be the absolute ramification index. Then it is
well-known, (see [Art06]) that one has
vL(d(L/Qp)) ≤ e− 1 + n
f
.
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So it suffices to remark that n, f, e are amphoric quantities and hence depend only
on the anabelomorphism class of L equivalently on the anabelomorphism class of
K. So now take
A(K) = sup
L!K
(vL(d(L/Qp))) ≤ e− 1 + n
f
.
Hence the assertion.
10 Frobenius elements are amphoric
Let K be a p-adic field and let L be an unjilt of K (i.e. L! K). One has the
following result of Uchida from [JR79, Lemma 3]:
Theorem 10.1 (Uchida). Let K be a p-adic field and let L be an unjilt of K. If
σ ∈ GK is a Frobenius element for K. Then for any topological isomorphism
α : GK → GL, α(σ) is a Frobenius element for L.
This has the following important corollary.
Theorem 10.2. Let K be a p-adic field and let ρ : GK → GL(V ) be a finite
dimensional continuous representation of GK in an E-vector space with E/Qℓ
a finite extension and ℓ 6= p. Then the characteristic polynomial of Frobenius
(=det(1 − Tρ(Frobp)) is amphoric. In particular L-functions of local Galois
representations are amphoric.
Proof. This is clear from the previous result.
11 Monoradicality is amphoric
Let K be a p-adic field. An extensionM/K is a monoradical extension if it is of
the formM = K( m
√
x) for some x ∈ K and in this case x is a generator ofM/K.
The following is proved in [JR79].
Theorem 11.1. Monoradicality is amphoric and hence in particular the degree of
any monoradical extension is amphoric.
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12 Anabelomorphy for Tate curves and Abelian va-
rieties with multiplicative reduction
Let me begin with the simpler example of a Tate curve over a p-adic fieldK. By a
Tate elliptic curve I will mean an elliptic curve with split multiplicative reduction
over a p-adic fieldK. This was an example I worked out in Spring 2018 in Kyoto
and in my opinion is an important example to understand. My result is weaker
than Mochizuki’s result which provides a control on the number field if the Tate
curve begins its life over a number field and his approach requires working with
a punctured Tate curve (i.e. non-proper). But I believe that the projective case is
still quite useful and instructive. For Tate curves, readers should consult [Sil94].
By Tate’s theorem [Sil94] a Tate elliptic curve overK corresponds to the data
of a discrete cyclic subgroup qZK ⊂ K∗. The equation of the Tate curve is then
given by
y2 + xy = x3 + a4(qK)x+ a6(qK),
with explicitly given convergent power series a4(qK), a6(qK) in qK .
The main theorem is the following:
Theorem 12.1. Let K be a p-adic field and let E/K be a Tate elliptic curve over
K with Tate parameter qK ∈ K∗. Let L be a p-adic field anabelomorphic to K
with an isomorphism α : GK ≃ GL. Then there exists a Tate elliptic curve E ′/L
with Tate parameter qL and an isomorphism of topological abelian groups
E(K) ≃ E ′(L),
given by the isomorphism α : GK → GL. The elliptic curve E ′/L is given by
Tate’s equation
y2 + xy = x3 + a4(qL)x+ a6(qL).
Proof. The anabelomorphism α : K ! L provides an isomorphism α : GK ≃
GL which provides, by the third fundamental theorem of anabelomorphy 3.3, an
isomorphism of topological groups α : K∗ ≃ L∗. Let qL = α(qK). The map α
preserves the valuation of qK and hence |qL| < 1 and so by Tate’s Theorem one
gets the Tate elliptic curve E ′/L. The composite K∗ → L∗ → L∗/qZL provides
the isomorphism of topological groupsE(K) ≃ E ′(L). This proves the assertion.
This argument extends readily to abelian varieties with multiplicative reduc-
tion via the uniformization theorem of [Mum72].
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Theorem 12.2. Let K be a p-adic field and let A/K be an abelian variety of
dimension g ≥ 1 given by a lattice ΛA ⊂ (K∗)g = K∗ × · · · × K∗ in a g-
dimensional torus given by K. Let α : K! L be an anbelomorphism of p-adic
fields. Then there exists an abelian variety A′/L and a topological isomorphism
of groups A(K) ≃ A′(L). If A/K is polarized then so is A′/L.
Proof. The lattice ΛK provides a lattice ΛL in L
∗ × · · · × L∗ using the isomor-
phism K∗ × · · · × K∗ ≃ L∗ × · · · × L∗ induced by K∗ ≃ L∗ induced by our
anabelomorphism α : K ! L. The rest is immediate from the Mumford-Tate
uniformization theorem. The polarization on A′ (given one on A) is left as an
exercise.
The following corollary is immediate:
Corollary 12.3. In the notation of the above theorem, one has an isomorphism of
groups:
π1(A/K) ≃ π1(A′/L),
in other words A/K and A′/L are anabelomorphic abelian varieties.
Proof. Let g = dim(A). An e´tale cover of A/K is an abelian variety with mul-
tiplicative reduction B/K ′ over some finite extension K ′/K. The covering map
provides an injective homomorphism of discrete subgroups ΛA → ΛB ⊂ (K ′∗)g
corresponding to the e´tale covering B → A. Since K! L, any finite extension
K ′ of K gives a finite extension L′/L, this correspondence is given as follows
K ′ corresponds to an open subgroup H ⊂ GK and the isomorphism GK → GL
provides an open subgroupH ′ which is isomorphic image ofH under this isomor-
phism and L′ is the fixed field of H ′. Hence one has in particular that K ′! L′.
Now construct an e´tale cover of A′ over L′ by transferring the data of the cov-
ering ΛA →֒ ΛB (which is an inclusion of discrete subgroups of finite index) to
(L∗)n →֒ (L′∗)n. By Mumford’s construction this gives a covering B′ → A′. The
correspondence B/K ′ 7−→ B′/L′ provides the required correspondence between
e´tale coverings of A/K and e´tale coverings of A′/L. This argument can be re-
versed. Starting with a covering of A′ one can arrive at a covering of A. Hence
the result follows.
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13 Anabelomorphy of group-schemes of type (p, p, · · · , p)
over p-adic fields
Let K be a p-adic field and G /K be a commutative, finite flat group scheme of
order pr and type (p, p, · · · , p) overK. Let L be an anabelomorph ofK. Then the
following shows that there is a commutative finite flat group scheme H of type
(p, p, · · · , p) over L which is obtained from G . By [Ray74] the group scheme G
is given by a system of equations
Xpi = δiXi+1, δi ∈ K∗, for all i, i+ 1 ∈ Z/rZ.
Fix an anabelomorphismα : GL → GK . This induces isomorphism of topological
groups L∗ → K∗. Let τi ∈ L∗, for all i ∈ Z/rZ be the inverse image of δi under
this isomorphism. Then
Y pi = τiYi+1 for all i, i+ 1 ∈ Z/rZ,
provides a finite flat group scheme H /L of type (p, p, · · · , p). Conversely start-
ing with a group scheme of this type over L, one can use an anabelomorphism
between L,K to construct a group scheme overK. Thus one has
Theorem 13.1. An anabelomorphism of fields L,K sets up a bijection between
commutative finite group flat schemes of type (p, p, · · · , p) over L and K respec-
tively. This bijection does not preserve finite flat group schemes on either side.
14 Anabelomorphy for Projective Spaces and Affine
spaces
For a p-adic field K write O⊲K = OK − {0} for the multiplicative monoid of non-
zero elements of OK and write O
⊛
K = O
⊲
K ∪ {0} considered as a multiplicative
monoid with the law x · 0 = 0 · x = 0 for any x ∈ O⊛K . Let K∗ = K − {0} be
the multiplicative monoid of non-zero elements of K and K⊛ = K∗ ∪ {0} as a
multiplicative monoid (with the obvious structure). As one learns from [Hos17],
ifK is a p-adic field then all of these monoids are amphoric.
Anabelomorphy of projective spaces is slightly weaker than the result for
abelian varieties proved above. The main theorem is the following:
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Theorem 14.1. Let α : K ! L be an anabelomorphism of p-adic fields. Let
n ≥ 1 be an integer. Then α : K! L induces a natural bijection of sets
α : Pn(K)→ Pn(L)
which is a homeomorphism with respect to the respective p-adic topologies when
restricted to subsets Ui(K) (resp. Ui(L)) (where 0 ≤ i ≤ n) and
Ui = {(x0, . . . , xi−1, 1, xi+1, . . . , xn) : xj 6= 0, ∀j 6= i} ⊂ Pn.
Proof. First let me prove that Pn(K) can be reconstructed (as a set) purely group
theoretically from GK . Since the monoid K
⊛, K∗ are amphoric (Theorem 3.3),
one can constructK⊛n+1 = K⊛× · · ·×K⊛ as a set, with n+1 factors (and even
as a multiplicative monoid with the obvious product monoid structure) and hence
also constructK⊛n+1−{(0, · · · , 0)} purely from GK . Now the equivalence rela-
tion defining Pn(K) as a set is given purely in terms of the multiplicative monoid
structure of K∗ and K⊛. More precisely for any (xi) ∈ K⊛n+1 − {(0, · · · , 0)},
the set {(λxi) : λ ∈ K∗} can be constructed purely from K∗ and K⊛. Hence
one can construct the equivalence relation onK⊛n+1 fromGK . In other words the
equivalence relation is also amphoric and the quotient by the equivalence relation
is also amphoric. So as a set Pn(K) is amphoric.
Now suppose α : K ! L is an anabelomorphism of p-adic fields. Then
Pn(K) and Pn(L) are described purely in terms ofK∗, L∗, K⊛, L⊛. Moreover one
has natural isomorphisms of monoidsK∗ ≃ L∗ which extends to an isomorphism
K⊛ ≃ L⊛. So one has a natural bijection sets
K⊛
n+1 − {(0, · · · , 0)} = L⊛n+1 − {(0, · · · , 0)}
induced by α : K ! L. The equivalence relation on each of these sets is de-
scribed in terms of isomorphic monoids K∗ ≃ L∗. Hence equivalent pairs x, y
of points on the left are mapped into equivalent elements as α induces an isomor-
phism of the monoids. This makes no use of the ring structure of K,L. That this
map is a homeomorphism of topological spaces is immediate from the fact that
K (resp. L) points of the stated open subset are of the form K∗n (resp. L∗n) and
these two subsets are homeomorphic with their respective topologies. Hence the
result follows.
The following corollary is an immediate consequence of the proof of Theo-
rem 14.1.
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Corollary 14.2. Let α : K ! L be an anabelomorphism of p-adic fields. Let
n ≥ 1 be an integer. Then α : K! L induces a natural bijection of sets
α : An(K)→ An(L)
which is a homeomorphism with respect to the respective p-adic topologies when
restricted to the Zariski dense subset U where
U = {(x1, . . . , xn) : xj 6= 0, ∀j} ⊂ An.
Remark 14.3. Let me remark that if K ! L are anabelomorphic p-adic fields.
Then one has a trivial isomorphism of algebraic fundamental groups
π1(P
n/K) ≃ GK ≃ GL ≃ π1(Pn/L).
So one can consider Pn/K and Pn/L as trivially anabelomorphic varieties. Simi-
larly for An/K and An/L.
15 The L-invariant is unamphoric
Let K be a p-adic field and let V be a two dimensional ordinary ( = reducible,
semi-stable) representation of GK with coefficients in Qp such that one has an
exact sequence
0→ Qp(1)→ V → Qp(0)→ 0.
Then one has an invariant, defined by [Gre94], Fontaine, and others (see [Col10]
for all the definitions and their equivalence), called the L-invariant of V , denoted
L(V ), which plays a central role in the theory of p-adic L-function of V and
related representations of GK . One of the simplest, but important, consequences
of anabelomorphy is the following:
Theorem 15.1. LetK be a p-adic field. Let V be as above. Then the L-invariant,
L(V ), of V is unamphoric.
For a more detailed discussion of DdR(V ) for ordinary representations see
Theorem 27.1.
Proof. The representation V is an extension whose class lives in
Ext 1GK (Qp(0),Qp(1)) = H
1(GK ,Qp(1)),
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and this Qp-vector space (of dimension [K : Qp] + 1) is also described natu-
rally by means of Kummer theory, I will write qV for this extension class. By
[Nek93], [Col10], [PR94a] the space H1(GK ,Qp(1)) is described by two natu-
ral coordinates (logK(qV ), ordK(qV )) where logK is the p-adic logarithm (with
logK(p) = 0). From [Nek93], [Col10] one see that
L(V ) =
logK(qV )
ordK(qV )
.
The assertion follows from the fact the logK(u) for a unit u ∈ O∗K is an unam-
phoric quantity (in general) as the additive structure of the field K which comes
into play here through the use of the p-adic logarithm is not an amphoric quantity:
two anabelomorphic fieldsK! Lmay not be isomorphic as fields because their
additive structures may not be isomorphic.
This has the following important consequence:
Theorem 15.2. Let V ∈ Ext 1GK (Qp(0),Qp(1)). Then the Hodge filtration on
DdR(V ) is unamphoric.
Proof. From [Col10] one sees that L(V ) controls the Hodge filtration on the fil-
tered (φ,N)-moduleDdR(V ). Therefore one deduces that anabelomorphy changes
the p-adic Hodge filtration. See Section 27 for additional comments on this.
16 AnabelomorphicConnectivity Theorem for Num-
ber Fields
Note that by the Neukirch-Uchida Theorem the Galois group of a number field de-
termines the number field. On the other hand Galois group of a local field does not
determine the local field completely. Mochizuki’s idea of anabelomorphy raises
the possibility of anabelomorphically modifying a number field at a finite num-
ber of places to create another number field which is anabelomorphically glued
to the original one at a finite number of places. I will illustrate this idea of local
anabelomorphic modifications of global number fields with an explicit collection
of examples and a fundamental connectivity theorem which I discovered in my
attempts to understand them.
Consider the following example (taken from [JR79]; for similar example see
[Yam76]). Let p be an odd prime and letK = Q(ζp, p
√
p) and letK ′ = Q(ζ, p
√
1 + p).
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Then both of these extensions are totally ramified at p. Moreover at the unique
primes of K (resp. K ′) lying over p the completion of K (resp. K ′) is given by
Qp(ζp, p
√
p) (resp. Qp(ζ,
p
√
1 + p)). As has been established by Jarden-Ritter (see
[JR79]) one has an anabelomorphism of p-adic fields
Qp(ζp, p
√
p)! Qp(ζ,
p
√
1 + p).
So one has two non-isomorphic number fields which have anabelomorphic com-
pletions at their unique non-archimedean ramified primes.
To convince the readers that the above example is not an isolated example,
let me prove that there are infinitely many anabelomorphically connected pairs
of number fields. Let p be any odd prime. Let r ≥ 1 be an integer. Let Kr =
Q(ζpr , p
r√p),K ′r = Q(ζpr , pr
√
1 + p). These are totally ramified at p (see [Viv04]).
Let p (resp. p′) be the unique prime of Kr prime lying over p in Kr (resp. the
unique prime of K ′r lying over p in K
′
r). The completions of Kr (resp. K
′
r) with
respect to these unique primes areKr,p = Qp(ζpr , p
r√p) andK ′r,p′ = Qp(ζpr , pr
√
p)
respectively. By Lemma 9.4 one has an isomorphism of the local Galois groups
Kr,p! K
′
r,p′.
The above example leads to the following definition.
I say that two number fields K,K ′ are anabelomorphically connected along
v1, . . . , vn and w1, . . . , wn, and write this as
(K, {v1, . . . , vn})! (K ′, {w1, . . . , wn}) ,
if there exist non-archimedean places v1, . . . , vn of K (resp. non-archimedean
places w1, . . . , wn of K
′) and for each i = 1, . . . , n an anabelomorphismKvi !
K ′wi and for each i the inclusionK
′ →֒ K ′wi is dense.
In particular the number fieldsKr = Q(ζpr , p
r√p), K ′r = Q(ζpr , pr
√
1 + p) (and
the unique primes pr, p
′
r be the lying over p in Kr, K
′
r) are anabelomorphically
connected along pr and p
′
r:
(Kr, {pr})! (K ′r, {p′r}) .
Remark 16.1. By the formulae for the discriminants ofKr, K
′
r (see 9.4), one sees
that the differents (and hence the discriminants) of anabelomorphically connected
fields differ in general. This is a fundamental way in which local anabelomorphic
modifications change global arithemtic data. This is a crucial point in [Moc12a,
Moc12b, Moc12c, Moc12d].
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So this suggests that one should study anabelomorphically connected num-
ber fields in detail. Before one can study such fields, one should find a general
way of constructing them. As mentioned in the Introduction, anabelomorphically
connected number fields are (implicit) by-products of Mochizuki’s Belyian Re-
construction Machine [Moc15, Theorem 1.9]. I realized that one should look
for a direct construction of such fields as this would have many arithmetic con-
sequences. This is accomplished in Theorem 16.3 and the more general Theo-
rem 16.5 which provide a systematic way of producing examples of anabelomor-
phically connected fields starting with a given number field.
In what follows I will say that a number field M is dense in a p-adic field L
if there exists a place v of M such that the completion Mv of M at v is L (i.e.
Mv = L).
I begin with the following easy lemma.
Lemma 16.2. Let L be p-adic field. Then there exists a number field M ⊂ L
which is dense in L.
Proof. This is a well-known consequence of Krasner’s Lemma (see [Kob94]).
Let L = Qp(x) where p is the residue characteristic of L. Let f ∈ Qp[X ] be
the minimal polynomial of x. If f(X) ∈ Q[X ] then x is algebraic and clearly
M = Q(x) is the dense number field one seeks. If this is not the case then choose
g(X) ∈ Q[X ] sufficiently close to f(X) in Qp[X ]. Then by Krasner’s Lemma
(see loc. cit.) g is irreducible and if x0 is a root of g(X) then Qp(x0) = Qp(x)
and henceM = Q(x0) is dense in L.
Theorem 16.3 is a prototype of the more general result proved later (Theo-
rem 16.5) and is included here for the convenience of the readers as it illustrates
the main points of the general result.
Theorem 16.3 (Anabelomorphic Connectivity Theorem). LetK be a number field
and let v be a non-archimedean place ofK. Let L be a local field anabelomorphic
to Kv. Then there exists a number field K
′ and non-archimedean place w of K ′
such that
K ′w ≃ L! Kv.
In particularK ′w is anabelomorphic toKv. Equivalently (K, {v})! (K ′, {w}).
Proof. By the lemma, there exists a number field K ′ ⊂ L dense in L. Let w be
the place corresponding to the dense embedding K ′ →֒ L (i.e. K ′w = L). Then
K ′w ≃ L! Kv and hence K ′w! Kv and hence (K, {v})! (K ′, {w}). Thus
the assertion follows.
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Now let us move to the general case of connectivity along several primes si-
multaneously. From the point of view of applications of Mochizuki’s ideas this
case is fundamental.
I will use the following (non-standard) terminology: a non-archimedean local
field is a finite extension of Qp for some (unspecified) prime p. I say that an
arbitrary, finite set of non-archimedean local fields {L1, · · · , Ln} (not all distinct
and not all necessarily of the same residue characteristic) is a cohesive set of non-
archimedean local fields if there exists a number fieldM and for every i, a dense
inclusionM →֒ Li such that the induced valuations onM are all inequivalent.
Lemma 16.4 (Potential Cohesivity Lemma). For every finite set {L1, · · · , Ln} of
non-archimedean local fields (not necessarily of the same residue characteristic)
there exist finite extensions L′i/Li such that {L′1, · · · , L′n} is a cohesive system of
non-archimedean local fields.
Proof. By Lemma 16.2 the result is true for n = 1 with L′1 = L1. The general
case will be proved by induction on n. Suppose that the result has been established
for the case of n − 1 fields. So for every set L1, . . . , Ln−1 of non-archimedean
fields there exists finite extensions L′1, . . . , L
′
n−1 of non-archimedean fields and
a number field M ∈ L′i which is dense inclusion for i = 1, . . . , n − 1 and the
valuations induced on M are all inequivalent. Choose α ∈ M such that Q(α) =
M .
Now suppose that p is the residue characteristic of Ln and Ln = Qp(xn).
By Lemma 16.2 there exists a number field dense in Ln. By Krasner’s Lemma
one can choose β ∈ Ln to be algebraic and sufficiently close to xn such that
Ln = Qp(β) = Qp(xn). Now consider the finite extensions L
′
n = Ln(α) and
L′′i = L
′
i(β) for i = 1, . . . , n − 1. Then Q(α, β) ⊂ L′′i for i = 1, . . . , n − 1 and
Q(α, β) ⊂ L′n. Write L′′n = L′n (for symmetry of notation). Then one sees that
there exists a common number fieldM contained in all of L′′i . IfM is not dense in
each of L′′i one can extend L
′′
i further to achieve density. Similarly if the induced
valuations onM are not all inequivalent, one can extend L′′i further to achieve this
as well.
Let me explain how the last two steps are carried out. To avoid notational
chaos, I will prove the assertion for n = 2. So the situation is that one has two
non-archimedean fields L1, L2 and a common number field M contained in both
of them. There are two possibilities residue characteristics of L1, L2 are equal
or they are not equal. First assume that the residue characteristics are equal (say
equal to p). Then L1, L2 are both finite extensions ofQp and so there exists a finite
extension L containing both of them as subfields. Pick such an L. Then there is
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a number field M ′ dense in L. Now choose a number field F , with [F : Q] > 1,
which is totally split at p and such that M ′, F are linearly disjoint over Q. Then
let M ′′ = MF →֒ L and since F is completely split there exist two primes
v1 6= v2 of M ′′ lying over p such that M ′′v1 = L and M ′′v2 = L. Thus the system
L1 = L, L2 = L is now cohesive asM
′′ →֒ L1 = L andM ′′ →֒ L2 = L are dense
inclusions corresponding to distinct primes ofM ′′.
So now assume L1, L2 have distinct residue characteristics andM is a number
field contained in both of them. If v1 (resp. v2) is the prime of M corresponding
to the inclusion M →֒ L1 (resp. M →֒ L2), then Mv1 →֒ L1 and Mv2 →֒
L2 are finite extensions of non-archimedean fields. One proceeds by descending
induction on [L1,Mv1 ], [L2,Mv2 ]. By the primitive element theorem there exists
an x1 ∈ L1 (resp. x2 ∈ L2) such that L1 = Mv1(x1) (resp. L2 = Mv2(x2)).
Choose an irreducible polynomial f ∈ M [X ] which is sufficiently close to the
minimal polynomials of x1 (resp. x2) in L1[X ] and L2[X ] respectively. Then f
has a root in both L1, L2 (by Krasner’s Lemma) and the field M
′ = M [X ]/(f)
embeds in both L1, L2 and if v
′
1 (resp. v
′
2) is the prime lying over v1 (resp. v2)
corresponding to the inclusion M ′ →֒ L1 and M ′ →֒ L2 are dense inclusions of
M ′ inM ′v1 ⊂ L1 (resp. M inM ′v2 →֒ L2) and [L1,M ′v′
1
] < [L1,Mv1 ] and similarly
for L2. Thus by enlarging M in this fashion one is eventually led to a cohesive
system as claimed.
Now I can state and prove the general anabelomorphic connectivity theorem
for number fields.
Theorem 16.5 (Anabelomorphic Connectivity Theorem II). Let K be a number
field. Let v1, . . . , vn be a finite set of non-archimedean places of K. Let αi :
Kvi ! Li be arbitrary anabelomorphisms with non-archimedean local fields
L1, . . . , Ln. Then there exist
(1) finite extensions L′i/Li (for all i) and a dense embedding of a number field
M ⊂ L′i and places w1, . . . , wn ofM induced by the embeddingsM ′ →֒ L′i
(i.e. the collection {L′i} of non-archimedean fields is cohesive) and
(2) a finite extension K ′/K and places u1, . . . , un of K
′ lying over the places
vi ofK (for all i) together with anabelomorphismsK
′
ui
! L′i.
(3) Equivalently (K ′, {u1, . . . , un}) ! (M ′, {w1, . . . , wn}) and ui|vi for all
i = 1, . . . , n.
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In particular given any number field K and a collection of non-archimedean
places ofK. There exists a finite extensionK ′/K and a number fieldM ′ which is
anabelomorphically connected to K ′ along some place of K ′ lying over each of
places v1, . . . , vn of K.
Proof. By the Cohesivity Lemma (Lemma 16.4) one can replace L1, . . . , Ln by
a cohesive collection L′1, . . . , L
′
n with L
′
i/Li finite extensions and a number field
M ′ ⊂ L′i dense in each L′i and such that the induced valuations on M ′ are all
inequivalent. The finite extensions L′i/Li provide open subgroups H
′
i ⊂ GLi of
GLi . Since one has anabelomorphisms αi : Kvi ! Li, let Hi = α
−1(H ′i) be
the inverse image of H ′i in Gvi . By continuity of αi, H
′
i are open subgroups of
Gvi . Let G
′ ⊂ GK be the open subgroup of GK generated by the decomposition
groups of all primes except v1, . . . , vn and the open subgroupsHi for i = 1, . . . n.
Let K ′ be the fixed field of G′ (in our fixed algebraic closure ofK). Let ui be the
unique place ofK ′ lying over the vi such that GK ′ui ≃ Hi. Then by construction
GK ′ui ≃ Hi ≃ H
′
i ≃ GL′i ≃ GMwi
and hence one has established that
(K ′, {u1, . . . , un})! (M ′, {v1, . . . , vn}) .
Now let me prove some Theorems which will be useful in applying these
results to arithmetic problems (such as those envisaged in [Moc12a, Moc12b,
Moc12c, Moc12d]). I will begin with some preparatory lemmas which are well-
known but difficult to find in the form I will need here.
Lemma 16.6. Let L be a p-adic field. Then there exist infinitely many number
fieldsM with a dense embeddingM →֒ L.
Proof. This is easy to prove and is left as an exercise!
Theorem 16.7. Let K be a number field and let v be a non-archimedean place
of K. Then there exist infinitely many anabelomorphically connected number
fields (K, {v}) ! (K ′, {w}). If Kp ! L is a strict anabelomorphism then
(K, {p})! (K ′, {q}) are strictly anabelomorphically connected fields.
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Proof. By Lemma 16.6 there exist infinitely many number fields K ′ with a dense
embeddingK ′ →֒ L.
Let K ′ be a number field which is dense in L and let q be the prime of K ′
corresponding to the embedding K ′ →֒ L. Then one has anabelomorphically
connected fields (K, {p})! (K ′, {q}).
Theorem 16.8. Let K be a number field and let p be a prime of K lying over p.
Then there exist infinitely many anabelomorphically connected fields (K, {p})!
(M, {q}) such that deg(M/Q) → ∞. If Kp is strictly anabelomorphic to L then
(K, {p})! (M, {q}) is a strict anabelomorphic connectivity.
Proof. Let us suppose that there is a anabelomorphically connected number field
(with (K, {p})! (M, {q})) with deg(M/Q) maximal amongst all such fields.
Let p be the prime lying below q (and hence also p) in Z. Choose a quadratic
field F which is completely split at p and which is also totally split at any prime
ramifying in M . Then F ∩ M has no primes of ramification and hence by the
Hermite-Minkowski Theorem, F ∩ M = Q. Let M ′ = FM . Then by con-
struction M ′/M is totally split at q. Let q′ be a prime of M ′ lying over q of M .
Then M ′q′ ≃ Mq and so one has anabelomorphisms Kp ! Mq ! M ′q′ and
hence (K, {p}) ! (M ′, {q′}) and deg(M ′) > deg(M) which contradicts the
maximality of deg(M).
Remark 16.9 (Transition formula for uniformizers). As has been pointed out ear-
lier strictly anabelomorphic fields have distinct additive structures. So one should
expect that uniformizing elements which are related to the respective additive
structures. Since anabelomorphic fields may even be linearly disjoint over Qp,
so comparing uniformizers of anabelomorphic fields directly is impossible. How-
ever one can easily establish relations in any common overfield containing both
the fields. It is, in fact, possible to find relationships between uniformizers (of
our anabelomorphic fields) in an overfield which resemble “gluing” or “transition
formulae” in algebraic geometry. Let me illustrate this by means of an explicit
example using the number fieldsK = Q(ζp, p
√
p) andK ′ = Q(ζ, p
√
1 + p) consid-
ered above. This is based on the computation of uniformizers in [Viv04, Lemma
5.7, Lemma 6.4]. Let
ω1 =
1− ζp
p
√
p
(16.10)
ω2 =
1− ζp(
1 + p− p√1 + p) . (16.11)
36
Note that the right hand sides of both are algebraic numbers and hence so are
ω1, ω2. By loc. cit., ω1 (resp. ω2) is a uniformizer forKp/Qp(ζp) (resp. K
′
p′/Qp(ζp)).
Now let me show how this provides a transition formula for uniformizers. Con-
sider K,K ′ as being embedded in a common algebraic field extension (such as
Q¯). One has
ω1 · p√p = 1− ζp (16.12)
ω2 ·
(
1 + p− p
√
1 + p
)
= 1− ζp. (16.13)
Hence by eliminating 1−ζp, one arrives at the transition formula for uniformizers
of the two anabelomorphic fields Kp! K
′
p′ :
ω1 · p√p = ω2 ·
(
1 + p− p
√
1 + p
)
,
or
ω1· =
(
1 + p− p√1 + p
p
√
p
)
· ω2,
equivalently
ω2· =
(
p
√
p
1 + p− p√1 + p
)
· ω1.
Note that this transition formula cannot be seen at the level of K,K ′ (or even
Kp, K
′
p′) but requires passage to a common overfield where comparisons can be
made. The point to remember is that anabelomorphic fields can have distinct
additive structures and changes in the additive structure also affects uniformizing
elements.
17 The Ordinary Synchronization Theorem
A fundamental result discovered by Mochizuki (see [Moc12e, Moc13, Moc15])
is the Synchronization of Geometric Cyclotomes. This plays a fundamental role
in [Moc12a, Moc12b, Moc12c, Moc12d]. For a catalog of synchronizations in
[Moc12a, Moc12b, Moc12c, Moc12d] see [DHb]. The elementary result given
below is inspired by Mochizuki’s result and is quite fundamental (despite the sim-
plicity of its proof) in applications of anabelomorphy to Galois representations.
This result asserts that two anabelomorphically connected number fields see the
“same” ordinary two dimensional local Galois representations at primes on either
side which are related through anabelomorphy. The theorem is the following:
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Theorem 17.1 (The Ordinary Synchronization Theorem). Let (K, {v1, . . . , vn})!
(K ′, {w1, . . . , wn}) be a pair of anabelomorphically connected number fields.
Then one has for all primes ℓ (including p) and for all i, an isomorphism of Qℓ-
vector spaces
Ext 1Gvi (Qℓ(0),Qℓ(1)) ≃ Ext
1
Gwi
(Qℓ(0),Qℓ(1)).
This theorem is immediate from the following Lemma.
Lemma 17.2. Let K ! L be two anabelomorphic p-adic fields. Then one has
an isomorphism of Qℓ-vector spaces
Ext 1GK (Qℓ(0),Qℓ(1)) ≃ Ext 1GL(Qℓ(0),Qℓ(1)).
Proof. Let α : K! L be an anabelomorphism. It is standard that one has
Ext 1GK (Qℓ(0),Qℓ(1)) ≃ H1(GK ,Qℓ(1))
(continuous cohomology group). By Kummer Theory one knows thatH1(GK ,Qℓ(1))
can be described as
(
proj limK∗/K∗ℓ
n) ⊗ Qℓ and one has a similar description
for GL. Then one has isomorphisms of topological groups K
∗ → L∗ and hence
also of subgroups (K∗)ℓ
n ≃ (L∗)ℓn compatible with their respective inclusions in
K∗ (resp. L∗). Hence one has isomorphism of groups
K∗
(K∗)ℓn
≃ L
∗
(L∗)ℓn
.
This also compatible with projections to similar groups for ℓn−1. Thus one has an
isomorphism of the inverse limits and hence in particular on tensoring with Qℓ.
Alternately one can simply invoke the fact that Qℓ(1) is an amphoric GK ≃
GL module. The two cohomologies depends only on the topology of GK ≃ GL.
So the claim is obvious.
This proof leads to the following (which is useful in many applications)
Lemma 17.3 (Bootstrapping Lemma). Let V be an amphoricGK-module (i.e. an
abelian topological group or a topological Zp-module with a continuous action of
GK which is determined by the anabelomorphism class of K). Then H
i(GK , V )
is amphoric.
Proof. The proof is clear: continuousGK-cohomology is determined by the topol-
ogy of G and by the topological isomorphism class of V . As V is amphoric the
result follows.
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The following theorem is key in [Moc12a, Moc12b, Moc12c, Moc12d], but I
think that this formulation illustrates an important point which is not stressed in
loc. cit. where it occurs in the guise of the amphoricity of log-shell tensored with
Qp (for the log-shell see [Hos17], [DHb]). LetK be a p-adic field. Let
H1f (GK ,Qp(1)) ⊂ H1(GK ,Qp(1))
be the (Fontaine) subspace of (ordinary) crystalline two dimensionalGK-representations
in Ext 1GK(Qp(0),Qp(1)).
Theorem 17.4. LetK! L be a pair of anabelomorphic p-adic fields. Then one
has an isomorphism of Qp-vector spaces
H1f (GK ,Qp(1)) ≃ H1f (GL,Qp(1)).
In other words the spaceH1f (GK ,Qp(1)), of crystalline-ordinary two dimensional
Qp-representations of the form 0 → Qp(1) → V → Qp(0) → 0, of GK is
amphoric!
Remark 17.5. For readers of [Moc12e, Moc13, Moc15] and [Moc12a, Moc12b,
Moc12c, Moc12d] let me remark that H1f (GK ,Qp(1)) is the log-shell tensored
withQp (for an excellent and accessible discussion of log-shells, [Hos19], [DHb],
[DHa] and more sophisticated readers can see [Moc15]). This is because one has
an isomorphism of finite dimensional Qp-vector spaces
H1f (GK ,Qp(1)) ≃
(
lim←−
n
O
∗
K/O
∗pn
K
)
⊗Qp ≃ UK ⊗Qp,
where UK is the group of units u ∈ O∗K congruent to 1 modulo the maximal ideal.
One could say that the space H1f (GK ,Qp(1)) of two dimensional ordinary crys-
talline GK-representations plays a role in [Moc12a, Moc12b, Moc12c, Moc12d].
Corollary 17.6. Let K be a p-adic field. Then the natural representation of
Out(GK) onH
1(GK ,Qp(1)) is reducible but possibly non-semi-simple.
Proof. The subspace H1f (GK ,Qp(1)) ⊂ H1(GK ,Qp(1)) are amphoric spaces so
stable under the action of outer automorphisms of GK and so reducibility is im-
mediate.
Remark 17.7. This corollary is also found in [Moc15, Theorem 1.10] (but per-
haps stated differently). I do not know how to prove non-semisimplicity but non
semisimplicity is responsible for the phenomenon observed in [Moc12a, Moc12b,
Moc12c, Moc12d] namely, the mixing of “Frobenius-like portions” and the “e´tale
like portions.” Note that in [Moc12a, Moc12b, Moc12c, Moc12d] there are other
ways such a mixing occurs.
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18 Automorphic SynchronizationTheorems: Anabel-
omorphy and the local Langlands correspondence
This section is independent of the rest of the paper. I will assume that readers
are familiar with the basic theory of automorphic representations at least for GLn
though the main result proved here is for GL2. The representations in this section
will be smooth, complex valued representations of GLn(K). There is an auto-
morphic analog of the Ordinary Synchronization Theorem (Theorem 17.1) which
says that one can use an anabelomorphism K! L to synchronize automorphic
representations of GLn(K) and GLn(L). Note that topological groups GLn(K)
and GLn(L) are not topologically homeomorphic (except for n = 1). I prove
the automorphic synchronization theorem for principal series forGLn(K) for any
n ≥ 1 and also for all irreducible admissible representations of GL2(K) for p an
odd prime. These restrictions are mostly to keep the section short, I expect that
by the time this paper is completed, a complete result for all n and all p will be
available.
The following two lemmas will be used in the subsequent discussion.
Lemma 18.1. Let K be a p-adic field. Let q be the cardinality of the residue field
ofK. Then
(1) The homomorphism ordK : K
∗ → Z given by x 7−→ ordK(x) is amphoric.
(2) the homomorphism ‖−‖ : K∗ → R∗ defined by ‖x‖ = q− ordK(x) is am-
phoric.
Proof. By [JR79] q is amphoric. It is clear that the second assertion follows from
the first. So it is sufficient to prove the first assertion. This is done in [Hos17].
Lemma 18.2. Let K be a p-adic field and let α : K ! L be an anabelomor-
phism. Let WK (resp. WL) be the Weil group of K (resp. L) and let W
′
K (resp.
W ′L) be the Weil-Deligne group ofK (resp. L). Then one has topological isomor-
phisms
(1) WK ≃WL, and
(2) W ′K ≃W ′L
which maps Frobenius element ofWK toWL (and resp. for Weil-Deligne groups).
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Proof. The anabelomorphism α : K! L gives an isomorphism α : GK → GL.
The cardinality q of the residue field of K is amphoric (see [Hos17]). Let Fq be
the residue field ofK (and hence of L). Let FrobK ∈ GK be a Frobenius element
forK and let FrobL = α(FrobK) be the Frobenius element of L corresponding to
the Frobenius element of GK . ThenWK is the fibre-product of the two arrows
FrobZK

GK // Gal(F¯q/Fq).
SinceGK ≃ GL it is now clear thatWK ≃WL and this takes preserves Frobenius
elements. The assertion for Weil-Deligne groups is immediate from this and by
the existence of ‖−‖ : K∗ → R∗ given by the previous lemma and the definition
of the Weil-Deligne group.
Assume that K,L are p-adic fields and α : K! L is an anabelomorphism.
Let me first show how to setup a bijective correspondence between principal series
representations of GLn(K) and GLn(L).
Let me begin with the n = 1 case. In this caseGL1(K) = K
∗ and is α : L!
K is an anabelomorphism then α provides an isomorphism α : L∗ → K∗. Hence
any character χ : GL1(K) → C∗ provides a character χ ◦ α : L∗ → C∗ and con-
versely. Thus one obtains a bijection between admissibleGL1(K) representations
and admissibleGL1(L) representations which is given by χ 7−→ χ ◦ α. The local
Langlands correspondence sets up a bijection between admissible representations
of GL1(K) and one dimensional representations of the Weil-Deligne group with
N = 0 and hence of Weil groupWK of appropriate sort hence a representation of
the Weil groupWL of the appropriate sort and conversely.
Since the local Langlands Correspondence match L-functions on either side
and on the Galois side I have established (Theorem 10.2) that L-functions on
the Galois side are amphoric, so it follows that automorphic L-functions are am-
phoric. Since conductors of characters are not amphoric (see Theorem 7.1), it fol-
lows that under anabelomorphy conductors are not amphoric. Moreover ε-factors
require a choice of additive character and hence neither the conductor nor the ε-
factors are amphoric (as both are dependent on the inertia filtration via its control
of the additive structure–for example). Hence one has proved that
Theorem 18.3. Let K be a p-adic field and let α : L! K be an anabelomor-
phism of p-adic fields. Then χ 7−→ χ ◦ α sets up a bijection between admissible
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representations of GL1(K) and admissible representations of GL1(L). This cor-
respondence is compatible with the local Langlands correspondence on either
side. L-functions of irreducible admissible representations are amphoric. The
conductor and ε-factors are not amphoric.
Now let me discuss the GLn(K) for n ≥ 2. The datum required to give a
principal series representations of GLn(K) consists of an n-tuple of continuous
characters (χ1, . . . , χn) of K
∗ with values in C∗. The associated principal series
representation is denoted by π(χ1, . . . , χn) and every principal series representa-
tion is of this type.
The following theorem should be considered as the local automorphic analog
of the ordinary synchronization theorem (Theorem 17.1). The first main theorem
of the section is the following.
Theorem 18.4 (Automorphic Ordinary Synchronization Theorem). Let α : K!
L be an anabelomorphism of p-adic fields. Then there is a natural bijection be-
tween principal series representations of GLn(K) and principal series represen-
tations of GLn(L) which is given by
π(χ1, . . . , χn) 7−→ π(χ1 ◦ α, . . . , χn ◦ α).
This correspondence takes irreducible principal series representations to irre-
ducible principal series representations.
Proof. The correspondence (χ1, . . . , χn) 7−→ (χ1 ◦α, . . . , χn ◦α) sets up a bijec-
tion between n-tuples of continuous characters ofK∗ → C∗ and L∗ → C∗. Every
principal series representation π of GLn(K) is of the form π = π(χ1, . . . , χn)
(similarly for GLn(L)) so the assertion is immediate.
Now to prove that an irreducible principal series is mapped to an irreducible
one it is sufficient to note that if χi × χj = ‖−‖±1 then so is χi ◦ α · χj ◦ α =
‖−‖±1 ◦ α. So if π is irreducible, it remains so under this correspondence.
Now suppose n = 2 and p ≥ 3 (i.e. p is an odd prime). Then one knows
that every supercuspidal representation π of GL2(K) arise, up to twisting by one
dimensional characters, by base change π = BC(K1/K, χ) where K1 ⊇ K is a
quadratic extension, χ : K∗1 → C∗ is a character such that if τ ∈ Gal(K1/K) is
the unique non-trivial element then χτ 6= χ.
Now suppose α : L! K. Then there exists a unique quadratic field L1/L
such that K1 ! L1 and Gal(K¯/K1) ⊂ GK is the open subgroup of index two
corresponding toK1/K andGL1 ⊆ GL is the corresponding open subgroup under
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α. A character χ : K∗1 → C∗ provides a character L∗1 → C∗ by composing
with α : L∗1 → K∗1 and if τ ′ : Gal(L1/L) is the unique non-trivial element then
evidently (χ◦α)τ ′ 6= χ◦α. Hence one obtains a supercuspidal representation π′ =
BC(L1/L, χ
′) where χ′ = χ ◦ α. Thus under anbelomorphy BC(K1/K, χ) 7−→
BC(L1/L, χ ◦α). This procedure is symmetrical in L andK so this establishes a
bijection between supercuspidal representations under both the sides.
Finally note that from my discussion of the principal series correspondence
one sees that Steinberg representation ofGL2(K) corresponding to the irreducible
sub (resp. quotient) of π(1, ‖−‖) (resp. π(1, ‖−‖−1)) is mapped to the corre-
sponding object of GL2(L).
Moreover up to twisting by one dimensional characters every irreducible ad-
missible presentation is one the three types: irreducible principal series, Steinberg
and supercuspidal. And any twist of an irreducible admissible representation of
GL2(K) is mapped to the corresponding twist of the appropriate irreducible ad-
missible representation. Hence the following is established:
Theorem 18.5 (Automorphic Synchronization Theorem). Let p be an odd prime
and let L ! K be an anabelomorphism of p-adic fields. Then this anabelo-
morphism induces a bijection between irreducible admissible representations of
GL2(K) and GL2(L). This correspondence takes (twists of) irreducible principal
series to irreducible principal series, Steinberg to Steinberg and supercuspidal to
supercuspidal representations.
The local Langlands correspondence is a bijection between complex, semi-
simple representations ofWeil-Deligne groupW ′K and irreducible, admissible rep-
resentations ofGL2(K). The correspondence maps an irreducible principal series
π(χ1, χ2) 7−→ χ1⊕χ2 (χi are considered as characters of the Weil-Deligne group
via the Artin map). The Steinberg representation maps to the special representa-
tion sp(2) of theWeil-Deligne group. A supercuspidal representationBC(K1/K, χ)
is mapped to the irreducible Weil-Deligne representation which is obtained by in-
duction of χ fromWK1 toWK .
Now given an anabelomorphism α : L! K and a Weil-Deligne represen-
tation ρ : W ′K → GL(V ), one can associate to it the Weil-Deligne representa-
tion ρ ◦ α : W ′L → GL(V ). This evidently takes semi-simple representations to
semi-simple representations and by construction this is compatible with the local
Langlands correspondence on both the sides.
Note that Artin conductors of representations on both the sides of the local
Langlands correspondence are dependent on the ramification filtration and hence
conductors are unamphoric (Theorem 7.1). The epsilon factors depend on additive
43
structures (for example the data of an epsilon factor requires an additive character)
and so epsilon factors are manifestly not amphoric. Thus one has proved:
Theorem 18.6 (Compatibility of the local Langlands Correspondence). Let p be
an odd prime and let L! K be anabelomorphic p-adic fields. Then the local
Langlands correspondence for GL2(K) is compatible with the automorphic syn-
chronization provided by Theorem 18.5. L-functions are amphoric but the conduc-
tors of Weil-Deligne representations and irreducible, admissible representations
are not amphoric. Moreover epsilon factors are not amphoric.
Remark 18.7. I expect the above results to be true for p = 2, but their proofs will
be a little more involved as there are many more representations to deal with.
Remark 18.8. Let K be a p-adic field and let K ! L be an anabelomorphism
of p-adic fields. Then by [Hos17] the Brauer groupBr(K) is amphoric and hence
given a division algebra DK over K, there exists a division algebra DL which
corresponds to DK . It seems reasonable to expect that, at least for the case where
DK (and hence DL) is a quaternion division algebra, there exists synchronization
of admissible representations of D∗K and D
∗
L which is compatible with the above
constructions.
19 Anabelomorphic Density Theorem
Let me now illustrate fundamental arithmetic consequences of the anabelomor-
phic connectivity theorems (Theorems 16.3, 16.5). Let me begin with the follow-
ing elementary but important result which should be considered to be the anabe-
lomorphic analog of Moret-Baily’s Theorem [MB89]. At the moment I do not
know how to prove the full version of this theorem but already the version I prove
below is enough to provide applications to elliptic curves. Let
U = P1 − {0, 1,∞},
then for any field L, U(L) = L∗ − {1} (see Theorem 25.1 for a general result).
If we have an anabelomorphism L ! K then one has an isomorphism L∗ →
K∗ of topological groups and hence an isomorphism topological spaces (with the
respective p-adic topologies)
U(L) = L∗ − {1} ≃ U(K) = K∗ − {1}.
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Theorem 19.1 (Anabelomorphic Density Theorem). Let U = P1 − {0, 1,∞}.
Let K be a number field. Let (K, {v1, . . . , vn}) ! (K ′, {w1, . . . , wn}) be an
anabelomorphically connected number field. Then the inclusion
U(K ′) ⊂
∏
i
U(K ′wi) ≃
∏
i
U(Kvi)
is dense for the p-adic topology on the right and hence also Zariski dense.
Proof. The proof is clear from the definition and the fact that the weak Approx-
imation Theorem [PR94b, Chap 7, Prop. 7.1] holds for P1 and hence also for its
Zariski open subsets.
20 Anabelomorphic Connectivity Theorem for El-
liptic Curves
To understand arithmetic consequences of the above theorem, fix an identification
of schemes
U = P1 − {0, 1,∞} ≃ P1 − {0, 1728,∞}.
Then for any field L, U(L) = L∗ − {1} and composite mapping
L∗ − {1} = U(L)→ P1 − {0, 1,∞} ≃ P1 − {0, 1728,∞}
allows to view the open subset U(L) as j-invariants of elliptic curves over L ex-
cept for j = 0, 1728. If we have an anabelomorphism L! K then one has an
isomorphism of topological spaces (with the respective p-adic topologies)
U(L) = L∗ − {1} ≃ U(K) = K∗ − {1}.
Theorem 20.1 (Anabelomorphically Connectivity Theorem for Elliptic Curves).
Let
(K, {v1, . . . , vn})! (K ′, {w1, . . . , wn})
be an anabelomorphically connected pair of number fields. LetE/K be an elliptic
curve over a number fieldK with jE 6= 0, 1728. Then there exists an elliptic curve
E ′/K ′ such that
(1) For all i one has ordvi(jE) = ordwi(jE′).
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(2) The j-invariant jE′ of E
′ is integral at all non-archimedean places of K ′
except w1, · · · , wn.
(3) In particular if E has semi-stable reduction at vi then E
′ has semistable
reduction at wi and one has for the Tate parameters v(qE,vi) = v(qE′,wi).
(4) E ′/K ′ has potential good reduction at all non-archimedean primes of K ′
except at w1, . . . , wn.
Proof. Let j = jE be the j-invariant of E/K. At any place v of semi-stable
reduction one has v(j) < 0. Let αi : Kvi ! K
′
wi
be the given anabelomorphisms.
Let ji = αi(j) ∈ K ′∗wi . Then by the Theorem 19.1 one sees that
U(K ′) →֒
∏
i
U(Kvi) =
∏
i
K∗vi − {1} ≃
∏
i
U(K ′wi) =
∏
i
K
′∗
wi
− {1}
is dense. Hence there exists a j′ ∈ K ′ which is sufficiently close to each of the ji
and is w-integral for all other non-archimedean valuations w ofK ′.
By the well-known theorem of Tate [Sil86] there exists an elliptic curveE ′/K ′
with j-invariant j′. By construction jE′ = j
′ is sufficiently close to ji for each i
and as E/K has semi-stable reduction at each vi the valuation of jE at each vi is
negative. Moreover for other non-archimedean valuationsw ofK ′, j′ isw-integral
by construction and so E ′ has potential good reduction at such w.
As j′ is sufficiently close to ji and the anabelomorphism Kvi ! K
′
wi
pre-
serves valuations on both the sides, the other assertions follow from the relation-
ship between j-invariants and Tate parameters at primes of semi-stable reduc-
tion.
A particularly useful consequence of this is the following:
Corollary 20.2. LetE/F be an elliptic curve with at least one prime of potentially
semi-stable non-smooth reduction. Then there exists a pair of anabelomorphically
connected number fields (K, {v1, . . . , vn})! (K ′, {v′1, . . . , v′n}) such that
(1) F ⊆ K is a finite extension
(2) and EK = E ×F K has semi-stable reduction,
(3) v1, . . . , vn is the set of primes of semi-stable reduction of E/K.
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21 Anabelomorphy and Fundamental Groups
Now let me provide basic example of anabelomorphic varieties so that the results
of this paper can be placed in the context of Mochizuki’s approach via funda-
mental groups. The typical example of interest for us is the following. Suppose
F,K, L are p-adic fields with inclusion F →֒ K and F →֒ L of p-adic fields such
that K,L are linearly disjoint over F (note that K/F and L/F are finite exten-
sions as F,K, L are all p-adic fields) and an anabelomorphismK! L. LetX/F
be a geometrically connected scheme of finite type over F . In this situation one
has the fibre productsXK = X ×F K and XL = X ×F L.
Theorem 21.1. Given a p-adic field F and p-adic field extensionsK/F and L/F
which are linearly disjoint over F and a geometrically connected scheme of finite
type X/F and an anabelomorphism of p-adic fields K ! L (i.e. one has a
diagram of field inclusions and anabelomorphisms)
K oo ///o/o/o/o/o/o/o/o L
F
/
??⑧⑧⑧⑧⑧⑧⑧⑧/ O
``❅❅❅❅❅❅❅❅
Then there is an isomorphism of fundamental groups π1(XK/K)
≃ // π1(XL/L).
In other words XK andXL are anabelomorphic schemes.
Proof. The fundamental group π1(XK/K) (resp. π1(XL/L)) is the fibre-product
of the arrows
π1(X/F )

GK // GF
and similarly π1(XL/L) is the fibre product of π1(X/F ) and GL →֒ GF .
Since GL ≃ GK the claim follows.
An important corollary (well-known to every one at RIMS) is this:
Corollary 21.2. Let K! L be two anabelomorphic p-adic fields. Then one has
π1(P
1 − {0, 1728,∞}/K) ≃ π1(P1 − {0, 1728,∞}/L),
in particularP1−{0, 1728,∞}/K and P1−{0, 1728,∞}/L are anabelomorphic.
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Remark 21.3. A simple example of this type is the following. Consider the dia-
gram in which all upward/downward arrows are inclusions of fields (dense if going
from number field to p-adic field), horizontal arrows are a strict anabelomorphic
connectivity and strict anabelomorphism respectively.
(Q(ζp, p
√
p), p)

oo str. anabel. conn. ///o/o/o/o/o/o/o/o/o/o/o (Q(ζp, p
√
1 + p), p′)

Qp(ζp, p
√
p) oo
str. anabelomorphism ///o/o/o/o/o/o/o/o/o/o/o/o/o/o Qp(ζp,
p
√
1 + p)
Qp(ζp)
gg◆◆◆◆◆◆◆◆◆◆◆
66♥♥♥♥♥♥♥♥♥♥♥♥
Q(ζp)
OO
In [Moc12a, Moc12b, Moc12c, Moc12d] arithmetic information travels along
anabelomorphisms in the following sense. In the context of the present exam-
ple, say E/Q(ζp) is an elliptic curve with semi-stable reduction (say E : y
2 =
x(x− 1)(x− ζp)) at the prime lying over p. This curve is, of course, visible as an
elliptic curve over all the fields in the diagram.
Now suppose one has a torsion point on E over Q(ζp, p
√
p) (and hence over
Qp(ζp, p
√
p)) then this sort of information can be pushed along the arrow of (strict)
anabelomorphy to E over Qp(ζp,
p
√
1 + p) (for instance by the Ordinary Synchro-
nization Theorem (Theorem 17.1)). However there is no algebro-geometric way
of transferring this information between these two fields directly as the fields
linked by anabelomorphy in the above diagram are in fact linearly disjoint over
Q(ζp) (resp. Qp(ζp)).
As I have shown in Theorem 16.8 and Corollary 20.2 there are infinitely many
anabelomorphically connected number fields containing Q(ζp) with (strict) an-
abelomorphic connectivity at primes lying over p.
Moreover Theorem 21.1 says that if X = E − {O} is considered as a curve
over Qp(ζp) then
π1(X/Qp(ζp, p
√
p)) ≃ π1(X/Qp(ζp, p
√
1 + p)).
Mochizuki’s Belyian Reconstruction Machine [Moc15, Theorem 1.9] (which ap-
plies asX is hyperbolic and strict Belyi type) keeps a track of the number field of
definition Q(ζp) of X as one travels along the arrows of anabelomorphy.
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22 Anabelomorphy of Elliptic Curves II: Kodaira
Symbol, Exponent of Conductor and Tamagawa
Number are all unamphoric
Now let me explain a fundamental consequence of the fact (proved in Theo-
rem 7.1) that the Artin and the Swan conductor of a Galois representation are
unamphoric in the context of elliptic curves. LetK be a p-adic field and let ℓ 6= p
be a prime and let E/Qℓ be a finite extension which will serve as a coefficient
field for GK-representations.
It should be remarked that Tate’s algorithm [Sil94, Chapter IV, 9.4] for de-
termining the special fiber of an elliptic curve over a p-adic field is completely
dependent on the additive structure of the field–especially steps 6 and beyond are
strongly dependent on the additive structure of the field.
The purpose of this section is to prove the following:
Theorem 22.1. Let E/F be an elliptic curve over a p-adic field and let K! L
be anabelomorphic p-adic fields withK ⊇ F and L ⊇ F . Then
(1) EL = E ×F L and EK = E ×F K are anabelomorphic elliptic curves over
the respective fields.
(2) EK has potential good reduction if and only if EL has potential good re-
duction.
(3) EK has semi-stable reduction if and only if EL has semi-stable reduction.
(4) Assume EK (and hence EL) has semi-stable reduction. Then
(a) The Kodaira Symbol of EK is the same as the Kodaira Symbol of EL.
(b) The exponent of the conductor of EK and EL are the same.
(5) In general the following quantities are unamphoric.
(a) The valuation of the discriminant,
(b) the exponent of conductor of EK .
(c) The Kodaira Symbol of EK , and
(d) the Tamagawa number of EK .
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(6) In particular the number of irreducible components of the special fibre of
EK is not amphoric.
(7) In particular amongst all EL with L ! K, there is one L for which
ordL(∆EL) is minimal.
Proof. The first assertion is immediate from Theorem 21.1. The next two asser-
tions are special cases of the a more general result due toMochizuki (see [Moc12e,
Theorem 2.14(ii)]–which is more general than what is asserted here). Mochizuki
also proved (in loc. cit.) the assertion about Kodaira Symbols in the semi-stable
case as in this case Kodaira symbol is In where n is the number of irreducible
components of the special fibre. I provide direct proofs in the above special case
for the reader’s convenience.
Let j = jE be the j-invariant of E. Then by [Sil86, Chap VII, Prop 5.5] EK
has potential good reduction if and only if ordK(j) ≥ 0. If j = 0 then j-invariant
is integral in both K and L (because it is already so in F ). So assume j 6= 0.
Since ordK is an amphoric function, one has ordL(j) = ordK(j) so the assertion
follows. In this case the Kodaira Symbol of EK is In where n = − ordK(j) and
hence is uniquely determined by amphoricity of ordK . The exponent of conductor
in the semi-stable case is alway one equal to one. Hence the Kodaira Symbol and
the exponent of the conductor of EK are the same as those of EL.
So it remains to prove the other assertions. To prove these assertions it suffices
to give examples. Let me remark that these examples also show that the hypothesis
of stable reduction in [Moc12e, Theorem 2.14(ii)] cannot be relaxed. The last
assertion is immediate from the penultimate one as the Kodaira Symbol of EK
also encodes the number of irreducible components of the special fibre. Let F =
Q3(ζ9), let K = F (
9
√
3) and L = F ( 9
√
2). Then K ! L as can been easily
checked. Both of these field have degree
[K : Q3] = [L : Q3] = 54.
Let E : y2 = x3+3x2+9 and EK and EL be as above. Let∆ be the minimal
discriminant (over the relevant field), f be the exponent of the conductor, the list
of Kodaira Symbols and the definition of the Tamagawa number are in [Sil94].
The following table shows the values for EK and EL.
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Curve v(∆) f Kodaira Symbol Tamagawa Number
EK 6 4 IV 1
EL 6 2 I
∗
0 4
Here is another example let E : y2 = x3 +3x2+3 and letK,L,EK , EL be as
above. Then one has
Curve v(∆) f Kodaira Symbol Tamagawa Number
EK 12 6 IV
∗ 3
EL 12 10 IV 1
Here are two more random examples where all the four quantities are simul-
taneously different..
Let
K = Q3(ζ9) L1 = K(
9
√
3) L2 = K(
9
√
4),
and let
E : y2 = x3+(−ζ59+8ζ49−ζ39+ζ29−2ζ9−11)x+(−408ζ59−6ζ49+201ζ39+37ζ29−38ζ9+1348).
Curve v(∆) f Kodaira Symbol Tamagawa Number
EK 15 15 II 1
EL 39 37 IV 3
For the same fields K,L1, L2 as in the previous example and for the curve
E : y2 = x3+(−2ζ59+ζ49+ζ39−ζ29+2ζ9+5)x+(869ζ59+159ζ49−47ζ39−125ζ29+354ζ9+713).
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Curve v(∆) f Kodaira Symbol Tamagawa Number
EK 15 9 IV
∗ 3
EL 27 19 II
∗ 1
Now let me provide two examples for p = 2. Again these are examples (taken
from my data) where all the four quantities are simultaneously different. Let
F = Q2(ζ16), K = F (
√
ζ8 − 1,
√
ζ38 − 1), L = F ( 4
√
ζ4 − 1) (these fields are
considered in [JR79]). By loc. cit. K and L are anabelomorphic of degree n = 32
and totally ramified extensions of Q2.
E : y2 = x3 + (−2ζ716 + 2ζ616 − 2ζ516 + 2ζ416 − 2ζ316 + 4ζ216 + 6ζ16 + 30)x
+ (32ζ716− 76ζ616− 8ζ516+32ζ416− 24ζ316− 20ζ216+16ζ16− 28).
Then
Curve v(∆) f Kodaira Symbol Tamagawa Number
EK 64 60 I
∗
0 2
EL 52 52 II 1
E : y2 = x3 + (−2ζ616 − 2ζ416 + 4ζ216 + 2)x
+ (28ζ616 − 40ζ516 − 24ζ416 + 8ζ316 + 16ζ216 − 40ζ16 + 60).
Then
Curve v(∆) f Kodaira Symbol Tamagawa Number
EK 68 60 II
∗ 1
EL 56 52 I
∗
0 2
These computations were carried out using SageMath [S+17].
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23 Artin Conductors, SwanConductors and Discrim-
inants II
The results established in this section provide a complement to the results of the
previous section and the earlier section on Swan Conductors.
Let F be a p-adic field and let X/F be a geometrically connected, smooth
quasi-projective variety over F . Let K ! L be anabelomorphic p-adic fields
containing F . Write XK = X ×F K and XL = X ×F L.
Lemma 23.1. Let K ! L be an anabelomorphism of p-adic fields. Let Knr
(resp. Lnr) be the maximal unramified extension ofK (resp. L). Then
Knr! Lnr.
Proof. Since the inertia subgroup IK is amphoric by Theorem 3.2 and by the fact
thatKnr is the fixed field of IK , the result is obvious.
For geometric applications it is convenient to work with a strictly Henselian
ring. As Artin and Swan conductors are unaffected by passage to unramified
extensions, this passage to strictly Henselian rings is harmless. In particular one
can work over Knr. By the above lemma, Knr ! Lnr and hence one can affect
the passage to a strictly Henselian ring without affecting anabelomorphic data.
If X/K is a geometrically connected, smooth, proper variety and Xη¯ (resp.
Xs) is the geometric generic fibre (resp. special fibre) of a regular, proper model
then one has a discriminant ∆X/K defined as in [Sai88]. This coincides with the
usual discriminant if X/K is an elliptic curve and provides a discriminant which
coincides with the usual discriminant of the elliptic curve. The main theorem of
loc. cit. asserts that ifX/K is a curve then by loc. cit. one has
− ordK(∆X/K) = Artin(X/K) = χe´t(Xη¯)− χe´t(Xs) + Swan(H1e´t(X,Qℓ)).
Theorem 23.2. Let F be a p-adic field and letX/F be a geometrically connected,
smooth proper variety over F . Let K ! L be anabelomorphic p-adic fields
containing F . Write XK = X ×F K and XL = X ×F L. Let ℓ 6= p be a prime.
(1) XK andXL are anabelomorphic,
(2)
∑
i≥0(−1)i Swan(H ie´t(X,Qℓ)) is unamphoric.
(3) SupposeX/K is one dimensional i.e. a curve. Then ordK(∆X/K) is unam-
phoric.
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(4) In particular if X/K is an elliptic curve then ordK(∆X/K) is unamphoric.
Proof. The first assertion is immediate from 21.1 (and included here only for con-
venience). In Theorem 7.1, I have shown that Artin and Swan conductors are un-
amphoric. The last two assertion are immediate from the second by [Sai88]. To
prove the second, let me prove a more refined claim here. Let ρ : GK → GL(V )
be aGK-representation in a finite dimensionQℓ vector space (with ℓ 6= p a prime)
such that the image of the wild inertia subgroup PK is finite.
I claim in fact that the breaks in the break-decomposition of V (see [Kat88,
Lemma 1.5]) are unamphoric. If K ! L is a strict anabelomorphism then
the GK and GL have distinct ramification filtrations and the proof of the break-
decomposition shows that the break-decomposition is dependent on the ramifi-
cation filtration. Hence the break-decomposition itself is unamphoric in gen-
eral. Hence the Swan conductor which is a measure of the breaks in the break-
decomposition is unamphoric.
The following records the unamphoricity of the break-decomposition:
Corollary 23.3. LetK be a p-adic field and let ρ : GK → GL(V ) be a continuous
representation of GK in a Qℓ-vector space V such that the wild inertia subgroup
PK operates through a finite quotient. Then the break-decomposition of V is
unamphoric. In particular the breaks in the break-decomposition are unamphoric.
24 The theory of Tate curves at archimedean primes
and Θ-functions at archimedean primes
In [Moc12e, Moc13, Moc15] and especially in [Moc12a, Moc12b, Moc12c, Moc12d]
the theory of elliptic curves at archimedean primes poses some difficulty (this also
discussed in [DHb], [DHa]). The reason is this: on one hand any pure Q-Hodge
structure is semi-simple on the other hand there are no one dimensionalQ-Hodge
structures of weight one, and so the Hodge structure of an elliptic curve is inde-
composable as aQ-Hodge structure. This is in contrast to the situation at the non-
archimedean primes of semi-stable reduction (where the Galois representation is
in fact reducible). I want to explain how to circumvent this difficulty and provide a
description parallel to Theorem 17.1 at infinity. One should think of Theorem 24.6
(see below) as the Ordinary Synchronization Theorem at Infinity. The theory of
this section, especially Theorem 24.11 should also be compared with [Moc09]
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where Mochizuki constructs Galois cohomology classes (in H1(GK ,Qp(1)) cor-
responding to Θ-functions on an elliptic curve.
For the Diophantine applications which Mochizuki considers in [Moc12a,
Moc12b, Moc12c, Moc12d], let K be a number field which one typically as-
sumes to have no real embeddings. Let E/K be an elliptic curve and assume
that the Faltings height h(E) of E is large. By the known facts about Faltings
height, h(E)≫ 0 corresponds to h(jE)≫ 0 and equivalently this means that the
Schottky (uniformization) parameter qE = e
2πiτE of E is small.
Schottky uniformization of elliptic curves says that one has an isomorphism
of complex abelian manifolds
C∗/qZE
≃ // E(C)
at infinity (let me remind the readers that Tate’s Theory of p-adic uniformization
of elliptic curves is modeled on Schottky uniformization of elliptic curves). So
the theory of elliptic curves of large Faltings height corresponds to the theory of
complex tori with a small Schottky parameter. To describe this in parallel with the
Theory of Tate curves at non-archimedean primes, let me begin by recalling the
following well-known fact from mixed Hodge Theory ([Car87], [Del97])
Lemma 24.1. One has an isomorphism of abelian groups:
Ext 1MHS(Z(0),Z(1)) = C
∗.
In particular the Schottky parameter qE ∈ C∗ provides a unique mixed Hodge
structure
H = H(E) ∈ Ext 1MHS(Z(0),Z(1)) = C∗
(not to be confused with the usual Hodge structure H1(E,Z) which is of weight
one. The mixed Hodge structure H(E) comes equipped with a weight filtration
and unipotent monodromy (see [Del97]). In particular let me recall the formula
from [Del97]:
HC = Ce0 ⊕ Ce1, (24.2)
W−2 ⊂ H = Ce1, (24.3)
F 0 ⊂ H = Ce0, (24.4)
HZ = 2πiZe0 ⊕ Z(e0 + log(q)e1) ⊂ HC. (24.5)
The mapping Z(1)→ HZ is given by 2πi 7−→ 2πie1 and HZ → Z(0) is given by
e0 7−→ 1. Then one has an exact sequence of mixed Hodge structures
0→ Z(1)→ H → Z(0)→ 0,
55
whose class in Ext 1MHS(Z(0),Z(1)) is given by q ∈ C∗.
Now let u = e2πiz with z ∈ C and letΘE = Θ(q, 0)whereΘ(q, z) = 1+O(q)
is a suitable Jacobi Theta function on E/C. For 0 < |q| ≪ 1, ΘE ∈ C∗ and
hence provides us a mixed Hodge structure HE,Θ ∈ Ext 1MHS(Z(0),Z(1)) given
by ΘE ∈ C∗.
Thus I have proved the following:
Theorem 24.6. Let E/C be an elliptic curve with Schottky parameter q = qE
such that 0 < |q| ≪ 1. Then
(1) there is mixed Hodge structure H = H(E) ∈ Ext 1(Z(0),Z(1)) ≃ C∗
whose extension class corresponds to q ∈ C∗, and
(2) there is a mixed Hodge structure HΘ = H(E,Θ) ∈ Ext 1(Z(0),Z(1))
whose extension class corresponds to the θ-value ΘE = Θ(q, 0) ∈ C∗.
Remark 24.7. The mixed Hodge structures H(E), H(E,Θ) correspond, at a
prime v of semi-stable reduction, to the Gv-modules H
1(E,Qp) and the Θ-value
class constructed by Mochizuki in [Moc09], [Moc15].
Remark 24.8. Comparing the definition above of H and with the formula of
Fontaine for L-invariant, I define the L-invariant L∞(H) =
log(q)
2πi
. If q = e2πiτ
then L∞(H) = τ ! So τ is the L-invariant of the elliptic curve at archimedean
primes and anabelomorphy changes the L-invariant at all the places.
Let me remark that the construction given above can be extended to provide
results over a geometric base scheme (see [Del97]). For example let E/C be an
elliptic curve and let X = E − {O}. Let f ∈ O∗X be a meromorphic function
on E which is an invertible function on X . More generally one can consider
any open subset U of E and consider f ∈ O∗U i.e. an invertible function on
U . Then there exists a variation of mixed Hodge structures (over U) H(E, f) ∈
Ext 1V−MHS(Z(0),Z(1)) such that under the natural identification
Ext 1V−MHS(Z(0),Z(1)) = O
∗
U
the extension class corresponding to H(E, f) is equal to f ∈ O∗U . The mixed
Hodge structureH(E, f) is constructed as follows (see [Del97]). Let V = OUe1+
OUe2 be a locally free OU module with basis e1, e2. The connection ∇ (with log-
poles at O) on V is defined by
∇ = d+
(
0 0
−df
f
0
)
.
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The rest of the data required to define a variation of mixed Hodge structures is
defined by the formulae above. Let me remark that the triple (V,∇, F il(V )) con-
sisting of the bundle V together with the connection∇ and the Hodge filtration is
the data of an indigenous bundle (equivalently a rank two oper) on U .
So one can apply this consideration to a chosen f such as a theta function on
E which does not vanish on the open set X = E − {O}. By the theory of theta
functions, up to scaling by a constant, there is a unique function with this property,
denoted by Θ(q, z). Note that a theta function is, strictly speaking, not a function
on the curve as it is quasi-periodic. But by [WW96], the logarithmic derivative of
any of the four standard theta functions with periods {1, τ} satisfies
θ(q, z + 1)′
θ(q, z + 1)
=
θ(q, z)′
θ(q, z)
(24.9)
θ(q, z + τ)′
θ(q, z + τ)
= −2πi+ θ(q, z)
′
θ(q, z)
. (24.10)
More precisely, there is a vector bundle on E of rank two and a connection on
E, with log-poles at O, which on the universal cover C of E is given by the
connection matrix as above with f = Θ(q, z). At any rate the connection defined
by the above formula on C descends to E (with log-poles at O). Hence one has
proved that
Theorem 24.11. Let E/C be an elliptic curve with Schottky parameter q = qE
such that 0 < |q| ≪ 1 and let X = E − {O}. Let Θ(q, z) be a Theta function on
E which does not vanish onX and normalized so that Θ(q, z) = 1 +O(q). Then
there is a variation of mixed Hodge structures overX , denoted
H = H(E,Θ(q, z)) ∈ Ext 1V−MHS(Z(0),Z(1)) ≃ O∗X
such that the extension class of H(E, f) corresponds to Θ(q, z) ∈ O∗X (here O∗X
is the group of holomorphic functions which are invertible on X). This class is
compatible with the class constructed above.
Remark 24.12. Let me remark that this construction is anabelomorphic: Mochizuki’s
Anabelian Yoga reconstructs monoids such as O∗X from the e´tale fundamental
group of a punctured elliptic curve! Moreover under what Mochizuki calls “Aut-
Holomorphic Symmetries” (at archimedean primes) the class constructed above
transforms by the rules of transformations of theta functions (i.e. modular forms
of half integer weight).
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Remark 24.13. Let X be a non-proper hyperbolic Riemann surface, πtop1 (X)
its topological fundamental group. Let Q[πtop1 (X)] be the group ring and J ⊂
Q[πtop1 (X)] be the augmentation ideal. By well-known results for each r ≥ 1,
Q[πtop1 (X)]/J
r+1 carries a mixed Hodge structure and good unipotent variations
of mixed Hodge structures onX of nilpotence≤ 2with values inQ (or a real field)
arise precisely from finite dimensional representations V of πtop1 (X) such that the
natural mapQ[πtop1 (X)]/J
3 → End(V) is a morphism of mixed Hodge structures
([HZ87, Theorem ]). The Yoneda ext-group in the category of good unipotent
variations of mixed Hodge structure on X , denoted Ext 1V−MHS(Q(0),Q(1)) is
also described, by [CH89, Theorem 12.1] in an essentially anabelomorphic way
as follows:
H1H (X,Q(1)) ≃ H1H (πtop1 (X),Q(1)) ≃ Ext 1V−MHS(Q(0),Q(1)) ≃ O∗X ⊗Q.
The cohomology H1
H
is Beilinson’s Absolute Hodge Cohomology. The middle
isomorphism makes it clear that the group of extensions on the right is anabelo-
morphic (in the complex analytic space X).
25 Anabelomorphic Density Theorem II
Now let me prove the anabelomorphic density theorem. This section is a bit tech-
nical and skipped in the initial reading and is certainly independent of the rest of
the paper. In this section by “assume Grothendieck’s section conjecture holds for
X/K” I will mean that X(K) →֒ Sect(GK , π1(X/K)) and that there is some
characterization of the image of this set, with some reasonable functoriality in
X/K. I will simply write Hom(GK , π1(X/K)) to means the subset of sections
Sect(GK , π1(X/K)) which are characterized as arising fromX(K).
Let me emphasize that the only evidence for such an expectation at the mo-
ment except Mochizuki’s Theorem that for a hyperbolic curve X/K, X(K) in-
jects into the set of sections of π1(X/K) and Theorem 12.2 and Theorem 14.1.
Recall that two varieties X/K, Y/L (both are assumed to be geometrically
connected, smooth and quasi-projective) over p-adic fieldsK,L are said to be an-
abelomorphic if π1(X/K) ≃ π1(Y/L) is an isomorphism of topological groups.
As has been pointed out earlier, this condition implies thatK! L.
Let me extend the notion of anabelomorphically connected number fields slightly.
I will write
(K, {v1, . . . , vn})! (K ′, {v′1,1, . . . , v′1,r1; . . . ; v′n,1, . . . , v′n,rn})
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and say that K,K ′ are anabelomorphically connected along non-archimedean
places v1, . . . , vn ofK and non-archimedean places v
′
1,1, . . . , v
′
1,r1; . . . ; v
′
n,1, . . . , v
′
n,rn
ofK ′ if
for each i, one has Kvi ! K
′
v′i,j
for all 1 ≤ j ≤ ri.
Clearly this extends the notion introduced previously by allowing several primes
ofK ′ lying over a place ofK.
Theorem 25.1. Let K be a number field and let v1, . . . , vn be a finite set of non-
archimedean places of K. Let (K, {v1, . . . , vn})! (K ′, {v′1, . . . , v′n}) be an-
abelomorphically connected number field. Let X/K (resp. Y/K ′) be a geometri-
cally connected, smooth, quasi-projective variety over K (resp. K ′). Suppose the
following conditions are met:
(1) X/Kvi and Y/K
′
v′i
are anabelomorphic varieties for 1 ≤ i ≤ n, and
(2) X(Kvi) 6= ∅ for all 1 ≤ i ≤ n, and
(3) Grothendieck’s section conjecture holds forX/Kvi and Y/K
′
v′i
, and
(4) suppose that one is given a non-empty open subset (in the vi-adic topology)
Ui ⊆ X(Kvi).
Then there exists a finite extensionK ′′/K ′ and places v′′1,1, . . . , v
′′
1,r1 ; . . . ; v
′′
n,1, . . . , v
′′
n,rn
ofK ′′
(1) such that one has the anabelomorphic connectivity chain
(K, {v1, . . . , vn})! (K ′, {v′1, . . . , v′n})! (K ′′, {v′′1,1, . . . , v′′1,r1 ; . . . ; v′′n,1, . . . , v′′n,rn})
(2) and, for all corresponding primes in the above connectivity chain, bijections
Y (K ′′v′′i,j ) ≃ Y (K
′
v′i
) ≃ X(Kvi)
(3) and a point y ∈ Y (K ′′) whose image in Y (K ′′vi,j ) ≃ Y (K ′vi) ≃ X(Kvi) (for
all i, j) is contained in Ui.
Proof. The proof will use Lemma 25.2 given below. By the hypothesis that
X/Kvi, Y/K
′
v′i
are anabelomorphic, one has by Lemma 25.2, that for each i, there
is a natural bijection of sets
X(Kvi) ≃ Y (K ′v′i),
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and hence the latter sets are non-empty because of our hypothesis.
Now the usual Moret-Bailly Theorem [MB89] can be applied to Y/K ′ with
S = {v′1, . . . , v′n} so there exists a finite extension K ′′/K ′ which is totally split
at all the primes v′i into primes v
′′
i,j with j = 1, . . . , ri = [K
′′ : K ′] and hence
for each i one has isomorphisms K ′v′i
≃ K ′′vi,j (for all j) and hence for each i
one has K ′v′i
! K ′′vi,j (for all j) and hence one has the stated anabelomorphic
connectivity. The remaining conclusions are consequences of the usual Moret-
Bailly Theorem.
Let me begin the following lemma which explains the role of Grothendieck’s
section conjecture in this context. Note that in the context of the usual Moret-
Bailly Theorem, the fields K,L are isomorphic so one may take Y = X and the
section conjecture hypothesis is unnecessary. So anabelomorphy really underlies
the sort of phenomena which lie at heart of [MB89].
Lemma 25.2. Let us suppose that X/K and Y/L are two geometrically con-
nected, smooth, quasi-projective anabelomorphic varieties over p-adic fieldsK,L
(i.e. π1(X/K) ≃ π1(Y/L) is an isomorphism of topological groups and in par-
ticular one has K! L). Assume that Grothendieck’s Section Conjecture holds
forX/K and Y/L. Then one has a natural bijection of sets
X(K) ≃ Y (L),
and in particular if X(K) 6= ∅ then Y (L) 6= ∅.
Proof. Let me remark that ifX/K and Y/L are two varieties over anabelomorphic
fields K! L such that
π1(X/K) ≃ π1(Y/L) i.e. X/K, Y/L are anabelomorphic varieties
then Grothendieck’s section conjecture, which asserts that
X(K)→ Hom(GK , π(X/K))
is a bijection of sets, implies that there is a natural bijection of sets
X(K) ≃ Hom(GK , π1(X/K)) ≃ // Hom(GL, π1(Y/L)) ≃ Y (L),
and now the last assertion is obvious.
Note that Grothendieck’s Section Conjecture is difficult. The following con-
jecture is adequate for most arithmetic applications.
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Conjecture 25.3. Let F be a p-adic field and let X/F be a geometrically con-
nected, smooth, quasi-projective variety over F . Let K ! L be two anabelo-
morphic p-adic fields containing F . Let XK = X ×F K (resp. XL = X ×F L).
Then
(1) There exists a finite extension K ′/K and L′/L and an anabelomorphism
K ′! L′ such that there is a natural bijection of setsXK ′(K
′)→ XL′(L′).
(2) There is a Zariski dense open subset U ⊂ X/F such that the induced map-
ping UK ′(K
′) → UL′(L′) is a homeomorphism of topological spaces with
respective topologies on either side.
26 Perfectoid algebraic geometry as an example of
anabelomorphy
Now let me record the following observation which I made in the course of writ-
ing [Jos19a] and [Jos19b]. A detailed treatment of assertions of this section will
be provided in [DJ] where we establish many results in parallel with classical
anabelian geometry.
Let K be a complete perfectoid field of characteristic zero. Let K♭ be its
tilt. Let L be another perfectoid field with L♭ ≃ K♭. In perfectoid algebraic
geometry K,L are called an untilts of K♭. For example the p-adic completions
K,L respectively of Qp(ζp, ζp2, · · · ) and Qp( p√p, p2√p, · · · ) are both perfectoid
fields with L♭ ≃ K♭ = Fp((t1/p∞)). The theory of perfectoid fields shows that
GL ≃ GL♭ ≃ GK♭ ≃ GK .
This is in fact compatible with the inertia filtration on all the groups. Thus one
sees that filtered group GK does not identify our perfectoid field K uniquely.
In particular this suggests that the filtered absolute Galois group of a perfectoid
field of characteristic zero has non-trivial outer automorphisms which does not
respect the ring structure ofK.
This is the perfectoid analog of the fact that the absolute Galois group GK of
a p-adic field K has autormorphisms which do not preserve the ring structure of
K. Now let me explain that the main theorem of [Sch12b] provides the perfectoid
analog of anabelomorphy (in all dimensions).
Suppose thatK is a complete perfectoid field of characteristic zero. Let X/K
be a perfectoid variety over K, which I assume to be reasonable, to avoid inane
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pathologies. Let π1(X/K) be its e´tale site. Let X
♭/K♭ be its tilt. Then the main
theorem of [Sch12b] asserts that
Theorem 26.1. The tilting functor provides an equivalence of categories π1(X/K)→
π1(X
♭/K♭). If L is any untilt of K♭ and Y/L is any perfectoid variety with tilt
Y ♭/L♭ ≃ X♭/K♭. Then one has π1(X/K) ≃ π1(Y/L) and in particular X/K
and Y/L are perfectoid anabelomorphs of each other.
In particular one says that X/K and Y/L are anabelomorphic perfectoid va-
rieties over anabelomorphic perfectoid fields K ! L. Thus one can envisage
proving theorems about X/K by picking an anabelomorphic variety in the an-
abelomorphism class which is better adapted to the properties (of X/K) which
one wishes to study. In some sense Scholze’s proof of the weight monodromy
conjecture does precisely this: Scholze replaces the original hypersurface by a
(perfectoid) anabelomorphic hypersurface for which the conjecture can be estab-
lished by other means.
27 The proof of the Fontaine-Colmez Theorem as
an example of anabelomorphy on the Hodge side
Let me provide an important example of Anabelomorphy which has played a cru-
cial role in the theory of Galois representations. The Colmez-Fontaine Theorem
which was conjectured by Jean-Marc Fontaine which asserts that “every weakly
admissible filtered (φ,N) module is an admissible filtered (φ,N) module” and
proved by Fontaine and Colmez in [CF00]. The proof proceeds by changing the
Hodge filtration on a filtered (φ,N)-module.
This should be viewed as an example of anabelomorphy but carried out on the
p-adic Hodge structure.
The idea of [CF00] is to replace the original Hodge filtration (which may make
the module possibly inadmissible) by a new Hodge filtration so that the new mod-
ule becomes admissible i.e. arises from a Galois representation. So in this situa-
tion the p-adic Hodge filtration is considered mobile while other structures remain
fixed. This allows one to keep the p-adic fieldK fixed. Let me remark that by The-
orem 15.1 one knows that the L-invariant of an elliptic curve over a p-adic field is
unamphoric together with the fact that L-invariant is related to the filtration of the
(φ,N)-module (see [Maz94]). So the filtration is moving in some sense but the
space on which the filtration is defined is also moving because the Hodge filtra-
tion for the GK-module V lives in the K-vector space Dst(V ), while the Hodge
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filtration for the GL-module V lives in an L-vector space. As Mochizuki noted in
his e-mail to me “it remains a significant challenge to find containers where the
K-vector space DdR(ρ, V ) and L-vector space DdR(ρ ◦ α, V ) can be compared.”
My observation recorded below says that in fact there is a natural way to compare
these spaces under a reasonable assumption.
Let K be a p-adic field and let α : L ! K be an anabelomorphism of p-
adic fields. Consider ρ : GK → GL(V ) of GK . Suppose that V is a de Rham
representation of GK in the sense of [Fon94]. As was proved in [Hos13] ρ ◦ α :
GL → GL(V ) need not be de Rham. Suppose V is ordinary. Then by [PR94a],
V is then semi-stable and hence also de Rham. By Theorem 5.2 one deduces that
the GL-representation ρ ◦ α : GL → GL(V ) is also ordinary and hence also de
Rham. Let me writeDdR(ρ, V ) for theK-vector space associated to the de Rham
representation ρ : GK → GL(V ) of GK and writeDdR(ρ ◦α, V ) for the L-vector
space associated to the de Rham representation ρ ◦ α : GL → GL(V ) of GL.
Theorem 27.1. Let K be a p-adic field, let α : L! K be an anabelomorphism
of p-adic fields. Let ρ : GK → GL(V ) be a de Rham representation of GK such
that ρ ◦ α : GL → GL(V ) is also de Rham (for example V is ordinary). Then for
all sufficiently large integers k > 0, there is a natural isomorphism of Qp-vector
spaces
DdR(ρ, V (k)) ≃ DdR(ρ ◦ α, V (k)).
Remark 27.2. Note that the Hodge filtration on theK-vector spaceDdR(V (k)) is
up to shifting, the filtration on the K-vector space DdR(V ). So the twisting does
not affect the underlying K-vector space in any serious way. In particular these
twoK-vector spaces are naturally isomorphic.
Proof. Let GL act on V through the isomorphism α. So V is also a GL-module.
Then as GK ≃ GL, one has an isomorphism of Qp-vector spaces (given by α):
H1(GK , V ) ≃ H1(GL, V ).
By a fundamental observation of [BK90] there is a natural mapping, called the
Bloch-Kato exponential,
expBK : DdR(ρ, V (k))→ H1(GK , V (k))
which is an isomorphism for all sufficiently large k > 0. There is a similar iso-
morphism for L since V is also a de Rham representation of GL through α. Now
putting all this together the isomorphism in the theorem is obvious.
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Corollary 27.3. Let K be a p-adic field. Let ρ : GK → GL(V ) be a p-adic
representation of GK . Then ordinarity is an amphoric property of V and when V
is ordinaryDdR(V ) is an amphoric Qp-vector space.
28 Anabelomorphy for p-adic differential equations
This section is independent of the rest of the paper. A reference for this material
contained in this section is [And02]. Here I provide a synchronization theorem
for p-adic differential equations in the sense of [And02, Chap. III, Section 3]. Let
X/K be a geometrically connected, smooth, quasi-projective variety over a p-
adic field K. Let Xan/K denote the strictly analytic Berkovitch space associated
to X/K. By the Riemann-Hilbert Correspondence, I mean [And02, Chapter III,
Theorem 3.4.6].
Theorem 28.1 (Synchronization of p-adic differential equations). Let X/K and
Y/L be two geometrically connected, smooth, quasi-projective varieties over p-
adic fieldsK and L. Assume thatXan/K and Y an/L are anabelomorphic strictly
analytic spaces (i.e. α : π1(X
an/K) ≃ π1(Y an/L) (where the fundamental
groups with respect to aK-rational (resp. an L-rational) base point)). Then there
exists a natural bijection α between p-adic differentials on Xan/K and Y an/L
which associates to a p-adic differential equation (V,∇) onXan/K, a p-adic dif-
ferential equation Y an/L such that the associated (discrete) monodromy represen-
tation of π1(Y
an/L) is given composing with α−1 : π1(Y
an/L)
≃ // π1(X
an/K).
Corollary 28.2 (Anabelomorphy of p-adic differential equations). Let X/F be
a geometrically connected, smooth, quasi-projective variety over a p-adic field
F . Let K ! L be anabelomorphic p-adic fields containing F . Then given
any α : K → L, there exists a natural bijection between p-adic differentials
on XanK and on X
an
L such that the monodromy representations on either side are
obtained by composing with the anabelomorphism α : XanK ! X
an
L given by
Theorem 21.1. This construction is compatible with the Riemman-Hilbert corre-
spondence. Hence the Riemann-Hilbert Correspondence is amphoric.
One should think of this as gluing of p-adic differential equations by their
monodromy representations.
Since it is well-known that the analog in theory of differential equations of that
the local index of irregularity is the Swan conductor of a Galois representation, the
following conjecture is natural given my earlier results on the Swan conductor:
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Conjecture 28.3 (Index of Irregularity is Unamphoric). In the situation of the
above corollary, assume that X/K is a curve (i.e. dim(X) = 1), then the index
of irregularity of a p-adic differential equation (V,∇) on X/K is unamphoric.
More generally, the irregularity module of the differential equation (V,∇) is un-
amphoric (X need not be a curve for this).
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